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Branching Asymptotics on Manifolds with Edge 

B. -Wolfgang Schulze and Andrea Volpato 

Abstract. We study pseudo-differential operators on a wedge with continuous 
and variable discrete branching asymptotics. 
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Introduction 

The solutions to elliptic (pseudo-) differential equations on a manifold with edge 
are expected to be regular in weighted edge Sobolev spaces with some typical as- 
ymptotic behaviour in the distance variable r E to the singularity (we employ 
here the terminology from [16^, see also [20!; later on we recall a few basic defini- 
tions) . The simplest case of a manifold with edge is a manifold with smooth bound- 
ary. Regularity of a (Shapiro-Lopatinskij-) elliptic boundary value problem in this 
situation (say, for the Laplacian, or any other elliptic operator A) implies smooth- 
ness of solutions up to the boundary when the boundary data and right hand sides 
are smooth. In particular, we obtain Taylor asymptotics u{r) ^ X^jeN "^j (2^)^'' 
r — )■ where r in this case is the normal variable to the boundary, and the co- 
efficients Cj{y) are smooth functions in the tangential variable y. Also regularity 
in Sobolev spaces up to the boundary can be formulated as an asymptotic result 



when we rephrase classical Sobolev spaces as edge spaces, cf. [201, or Remark 2.1 
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below. However, the situation drastically changes when A is an elliptic operator 
from the context of edge singularities. Such an A is locally in the variables (r, x, y) 
of an open stretched wedge ]R_|_ x X x ft oi edge-degenerate form 

(0.1) A = r-^ a,^{r,y){-rdry{rDyr, 

j + \a\<fi 

a-ja e C°°(E+ X ri,Difr^"(-''+l"l)(X)). Here X is a smooth (compact, closed) man- 
ifold and f2 C an open set, and Diff'^(X) is the space of differential operators 
of order v over X with smooth coefficients. According to |15) . solutions u(r,x,y) 
to Au = / (say, in C°°(M_|_ x X x £7)), under an ellipticity condition on A, are 
expected to have variable discrete asymptotics, i.e. 

rrij (y) 

(0.2) u{r,x,y) r-^'Y 'Y Cjk{x,y)r~P'''y^\og^ r as r -)■ 0, 

modulo some flat remainder (to be specified). The sequences 

V{y) := te(2/),m,(y)}j^i,...,j(^) C C x N, J{y) e NU {+(X)}, 

are individual for every fixed y Cz fl. They are determined by the operator A, and 
the right hand side of the equation Au — f where / is assumed to be of analo- 
gous structure. For the coefficients we expect Cjk{x,y) G C°°{X) for every fixed 
y. What concerns Sobolev smoothness in suitable scales of weighted edge spaces 
we even need the right framework to express such asymptotics. The present pa- 
per belongs to a larger program to investigate asymptotics of solutions in such a 
sense. We employ results of [TH] and [15] for the case dimX = 0, combined with 
the recent progress of the pseudo-differential analysis on (non-trivial) manifolds 
with edges. Note that asymptotics of that kind have been studied also by Bennish, 
cf- [3, [I]) using factorisations of the involved symbols. Wiener-Hopf techniques 
for (pseudo-differential) boundary value problems (in general, without the trans- 
mission property at the boundary) are developed in detail in the monograph of 
Eskin In concrete examples it may be very efficient to explicitly compute ex- 
ponents as factorisation indices. Our approach is completely different; it is based 
on the idea of representing asymptotics in terms of analytic functionals, cf. 
The basics on the relationship between asymptotics and analytic functionals are 
already explained in [T7j , including crucial observations on variable and branching 
asymptotics in this set-up. A self-contained exposition on what we call continuous 
asymptotics is also given in [8j. 



The idea to establish asymptotics of the form (0.2) is to embed the problem 
into a pseudo-differential calculus and to interpret such asymptotics as a feature 
of the symbolic calculus. The difficulty is to incorporate the variety of differ- 
ent V{y),y e Q, into spaces of symbols and also to design "the right" weighted 
Sobolev spaces with asymptotics, such that our operators are continuous between 
such spaces. We employ the pseudo-differential calculus on manifolds with edge in 
the sense of |16j or [20] which includes constant discrete or continuous asymptotics. 
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Here, we refer to a substructure of the edge algebra with continuous asymptotics. 
Some basics have to be completely reorganised, for instance, the notion of Green 
operators. The program is altogether extremely delicate since a pseudo-differential 
operator might destroy the very fragile pointwise discrete structure (0.2 1; in fact, 
integration with respect to the edge variable y smears out the system of exponents 
over a large region in the complex plane (such phenomena are just the background 
of continuous asymptotics). However, we show that the operators in the edge cal- 
culus (although very general in principle) are so specific that they respect, indeed, 
the pointwise discrete character. 

This paper is organised as follows. First in Section 2.1 we give an idea on how el- 
liptic edge-degenerate differential operators produce y-dependent families of mero- 
morphic operator functions the poles of which contribute to the asymptotic data 
of solutions. The essential point is that we admit from the very beginning poles 
of non-constant multiplicity under varying y. In Section 2.2 we rephrase the in- 
formation with the help of families of analytic functionals in the complex plane 
of the Mellin covariable, and we define the crucial notion of a variable discrete 
Mellin asymptotic type and associated spaces of Mellin amplitude functions. In 
Section 2.3 we study families of associated pseudo-differential operators, depend- 
ing on y, 7], the local variables and covariables on the edge. As such they play the 
role of specific operator-vaued symbols of the edge calculus with variable discrete 
asymptotics. Other important ingredients are the Green symbols with variable dis- 
crete asymptotics, studied in Section 2.4. Here we also introduce variable discrete 
asymptotic types, belonging to families of functions over a cone. In particular, we 
show (cf. Proposition 1.301 that various involved data (such as the chosen cut- 
off functions, and several weights) only change the Mellin edge symbols by Green 
symbols. Another important issue is the nature of weighted edge distributions with 
variable discrete asymptotics, investigated in Section 3.1, including their Frechet 
topology. Finally in Section 3.2 we show that Mellin and Green operators of the 
edge calculus with variable discrete asymptotics act as continuous operators in 
weighted edge spaces with such asymptotics. This belongs to the idea to deduce 
variable discrete asymptotics of solutions to elliptic equations on a manifold with 
edge as an aspect of elliptic regularity in the edge calculus. It will be necessary 
to establish more elements of the edge calculus, e.g. the action of Mellin oper- 
ators with non-smoothing holomorphic amplitude functions, and the parametrix 
construction in this framework. This will be the topic of |25j . 



1. Mellin and Green operators with asymptotics 
1.1. Examples and motivation 

Let us first recall the idea on how solutions to an elliptic equation Au = / for 
(1.1) A = r-^'"^aJ{-r^ry 

3=0 
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acquire asymptotics. We employ the Mellin transform Mu{z) — r^^^u{r)dr 
which is known to induce a continuous operator M : C^(]R+) — >■ ^(C). Here 
A{U) for an open set f/ C C is the space of all holomorphic functions in U 
(in the Prechet topology of uniform convergence on compact subsets). More pre- 
cisely, setting := {z £ C : Re z — 13} for any real /3, and M^u := Mulr^^^^—i^ 
we have a continuous operator : C^(M+) — >■ iS(ri/2-7) that extends to an 
isomorphism : r-'''L'^{R+) L'^{T\/2-y) for every 7 e M. We call 
the weighted Mellin transform. Recall that the inverse is given by the formula 
M^^g(r) = /p^^^ r~^g(z)dz for dz := {2m)~^dz. In this paper a cut-off function 

on the half-axis is any real- valued w(r) e Cq°(M_|_) that is equal to 1 in a neigh- 
bourhood of r = 0. The Mellin transform will be used also in the set-up of vector- 
and operator-valued functions. In particular, we employ Mellin pseudo-differential 
operators with amplitude functions /(r, r', z) taking values in the space of classical 
pseudo-differential operators over X of order jj,. Let L'^y{X;M}) denote the space of 
classical parameter-dependent pseudo-differential operators on X with parameter 
A e M', i e N. The local amplitude functions are classical symbols in (^, A), treated 
as a covariable, while the parameter-dependent smoothing operators are Schwartz 
functions in A € with values in L~°°{X), the space of smoothing operators on 
X, with the Frechet topology from an identification with C°°{X x X) via some 
Riemannian metric. In the case i = we simply write L'^^{X). 



We assume f{r,r',z) e C°°(K+ x R+, L^^{X]Ti/2-j)) (with Ti/s-^ being identi- 
fied with M via z i-> Im 2;) , and we set 



opL(/)«(r):= / / {r/rT^'/^-^^'"^ f ir,r', 1/2 -^ + ip)u{r'y-'dr'dp, 



dp := {2n)-'^dp, first for u{r) € C^(R+, C°°(X)), and later on for weighted dis- 
tributions. Observe that when / is independent of r,r' and {dxu){r) := u{Xr) for 
A e 1R+ we have 



Throughout this paper iJ*(]R") indicates the standard Sobolev spaces in K" 

of smoothness s G R. Globally on a compact closed manifold X we also have the 
spaces H^{X). Moreover, H(^^{X) over an open manifold X means the space of all 
distributions u such that X* € i?*(]R") for any chart x-U R", ly? G Cg°{U), 
while H^^p{X) is the subspace of compactly supported elements of H[^^{X). 

We use the fact that for every p, gM. there exists an element G ^cii-^''' ^0 
which induces isomorphisms Rf{X) : H'{X) -> H'-f'iX) for all s G M, A e K'. Set 
X^ := M+ X X, and let -^^''^(X'^) for 5,7 e M denote the completion of C^{X^) 
with respect to the norm 



(1.2) 




■00 



(1.3) 



'^AopI,(/) = Aop]:,(/)5;„AeM+. 
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for n = dim X. Moreover, set X" := Kx X (interpreted as a manifold with conical 
exits to infinity r — >■ ±00), and let H^^j^^{X") denote the completion of Cq'{X") 
with respect to the norm 

ll^lli^loneC^-) ■■= II e'^^R^{[r]p,[r]v'){Fr^,u){p)dpU^^^^x) 

for any parameter-dependent elliptic element R^{p,fj) e L^^{X;M.^-'t^) and suffi- 
ciently large |?7^|,r]^ G M"^. Here r n- [r] is any strictly positive function in C°°(M) 
such that [r] = r for sufficiently large \r\. Set H^^^^{X^) := H^^^^{X-)\x^ , and 
define 

(1.4) IC^'^X^) := {cou + {l-uj)v:u€ H^'^{X% v e Hl,^,{X^)} 

for any cut-off function oj{r). Moreover, for 6 := (^?, 0],— 00 < < 0, we define 
the subspace 

(1.5) ^e''(^^) := n /C"'''"''"^'+*^"'(^^), 

feGN 

and K.'4<{X^) := flAreN ^*'^(^^) ® = (-00, 0]. Now let -00 < ^? < 0, and 

consider a sequence 

(1.6) P := {(pj,mj)}j=o,...,J C C X N, J = JCP) G N U {00}, 

T^cP ■■= {Pj}j=o,...,J C {z eC: {n+ l)/2 - 7 + ^?<Rez<(n+ l)/2 - 7}, and 
Bepj — >• —00 as J 00 (when J('P) = 00). Such a V will be called a discrete 
asymptotic type associated with the weight data (7,6); recall that n = dimX. 
For finite Q we set 

,7 nij 

(1.7) £r~{ujJ2J2''jkr-''nog''r:cjkeC^{X) for all j,k} 

j=0 k=0 

for a fixed cut-off function w(r). Observe that we have S-p C 1C°°'^{X^) and 
SpHK'^'iX^) = {0}. Let 

(1.8) /c;;T(x^):=/cg^(x^) + £:p, 

for finite 9. In the case O = (— oo,0] wc define JC^'^iX^) := /CpJ(X^) for 

:= {p e TTcP : (n-t- 1)/2-7 - (fc + 1) < Rep < (n-t- 1)/2 - 7}, referring to the 
weight data (7, ©fc) for 9^ := (— (fc -|- 1),0]. Let us call the elements of )Cq^{X^) 
fiat of order 9 relative to the weight 7 (recall that © is a half-open weight interval; 
therefore we do not talk about fiatness of order except for the case = —00). 
Functions with asymptotics are transformed to meromorphic functions under the 
Mellin transform. For instance, the space M^_n/2,r->-z£'P consists of meromorphic 
functions with poles at the points pj of multiplicity rrij + 1. Let us introduce 
some spaces of such functions in the complex Mellin covariable z. Let A^^iX) 
denote the space of all holomorphic functions / in the open interior of the strip 
Sl:={z€C:l3o<Rez< Pi} for po ■= (n + l)/2 - + ^, pi := {n + l)/2 - 7, 
with values in H^{X), such that /jr^xx € H^{T0 x X) for every p e {po,Pi], 
uniformly in compact ^-intervals. The condition at the right end point means 



6 



B. -Wolfgang Schulze and Andrea Volpato 



/|r^^_,xx -> flrp^xx as e \ in x X). Here i7"(M x X) is the Fourier 

transform of the cylindrical Sobolev space H'^{M. x X) with respect to the variable 
in M, and /^^(r^ x X) is the corresponding space when we identify Tp with M. 
Observe that 

Moreover, set A^''{X) Aq^{X) + M~^_n/2.r^z£v for an asymptotic type V 
associated with the weight data (7,0), first for finite 9. In the infinite case we 
take the intersection of the respective spaces over all Vk,k e N, for Vk '■— {p G 
TicP : Rep > (n + l)/2 — 7 — (fc + 1)}. In the case dimX = we also write A^'' . 
Note that the cut-off function involved in £-p does not affect the space A^''{X). We 
employ the fact that the weighted Mellin transform induces continuous mappings 

(1.9) M^_„/2^:/C;^^(X^)^^;;^(X) and cuAr^^^ : A^'' (X) ^ IC'^i^' (X^^), 

respectively, for any cut-off function u. Now consider the equation Au = f where 



A is of the form ( 1.1 ) with constant coefficients, and / € /C^^''''~''(R+), s G M, for 
some discrete asymptotic type Q, associated with the weight data (7 — ^, (—00, 0]). 
Assume for simplicity that / vanishes for r > R for some R > 0. Then, under the 
condition 7^ and 

A' 

(1.10) crc(A)(^) ^aj2^' ^ for all z € 

3=0 

we find a solution u{r) of the form 

(1-11) u{r) = op],(fTe(A)-i)(r^/) e n''^R+), 



and the relation (1.9) shows what happens near r = 0. We have M^r^ f e Aj^J^^q 
(T^^ indicates a corresponding translation of the asymptotic type in the complex 
plane), and (Tc{A)~^{z)M^{r'^ f){z) e A^'^ for some discrete asymptotic type V 
associated with the weight data (7, (—00, 0]). The asymptotic type V is determined 
by the multiplication of two meromorphic functions, the inverse of the conormal 
symbol, and the Mellin transform of the right hand side. Thus, the second map- 
ping in ^ gives us uju = LuM-^{ac{A)-'^{z)M^{rt' f){z)} G ^;;^(K+).( Similar 



conclusions apply in the case n = dimX > 0. The operator A is asked to 
be elliptic with respect to the homogeneous principal symbol (70 (A), i.e. non- 
vanishing as a function in C°° of the cotangent bundle (minus zero section) of 
the smooth part of our manifold with conical singularity, and non-vanishing of 
the reduced symbol a^{A){r,x,p,£,) r'^(T^{A){r,x,r~^ p,^) in the sphtting of 
variables (r, x) G X^ = IR+ x X up to r = (which refers to a neighbourhood of 



the conical singularity). In addition (1.10 1 is to be replaced by the condition that 



cTc{A){z) := Ei=o%-2^' : H'{X) H''-''{X) is bijective for all z e r(„+i)/2_^ for 
some real s; this is then independent of s. If the coefficients aj are not constant in 
r, then, in order to deduce asymptotics of solutions we can employ a parametrix 
of the operator A in the cone algebra rather than the inverse, cf. T7J. However, 
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the main idea to obtain asymptotics is the same as in the case with constant coef- 
ficients, namely, to employ the meromorphic inverse of ac{A){z), taking values in 
Fredholm operators over X. The non-bijectivity points z e C of (Jc{A){z) substi- 
tute the former zeros in the scalar case, and the finite multiplicities of poles give 
rise to the logarithmic terms of the asymptotics. 



In the case of an edge-degenerate operator of the form (0.1) the problem to de- 
rive and to express asymptotics of solutions to Au = f (under a corresponding 
ellipticity condition on A) is much more complicated. First we have the homo- 
geneous principal symbol (j^{A){r,x,y, p,^,ri) of order and the reduced sym- 
bol <T^{A){r,x,y, p,£_,ri) — r'^a^{A){r,x,y,r~^p,^,r~^r]). In addition there is the 
principal edge symbol 

(1.12) a4A){y,rj):=r-^ ^ a,^iO,y)i-rdry (rr^r 

j + \a\<fi 

for {y,r]) € T*^\0, interpreted as a family of continuous operators 

(1.13) <J^{A){y,v) /C^'^(X^) ^ /C^-^'^-^(X^) 



for every s € M and a fixed choice of 7 € M. The operators (1.13) belong to the 
cone calculus over X^. As such they have corresponding "subordinate" princi- 
pal symbols, namely, ct^CTa(A), CT^cr/\(^), including the principal conormal symbol 

O-cCTaI^), 

(1.14) a,a^iA){y,z) ^ a,(0, z/)z-'" : H'iX) ^ i/^-^(X); 

3=0 

the latter is a smooth operator function in y G il. Similarly as before the asymp- 



totics is determined by (1.14). However, it is evident that the pointwise inverse 



ac(7/x{A) ^{y,z) may have poles depending on y of variable multiplicities. Those 



are just the source of the y-dependent asymptotic data in ( 0.2 ). Moreover, we need 
a machinery to express such variable asymptotics in the framework of a suitable 
version of weighted edge Sobolev spaces. Both problems belong to the focus of the 
present paper. The final goal, realised in a forthcoming paper, will be to obtain 
variable asymptotics in the edge case by applying a parametrix P from the left 
to the equation Au = /, similarly as in the cone calculus, where P is sensitive 
enough not to destroy the very individual asymptotic types. One of the crucial 
points will be that 1 — PA =: G is a smoothing operator which produces functions 
with variable asymptotics, coming from the involved operator A. Moreover, Pf 
also has such asymptotics, provided that / is of that kind. This entails altogether 
such asymptotics of the solution u. 

For an open set U C C and a Frechet space E by A{U,E) we denote the space 
of holomorphic functions with values in E. We employ this, in particular, for 
E ~ L^j(X), the space of classical pseudo-differential operators of order fi on X 
in its natural Frechet topology. 
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Definition 1.1. Let M^{X) for e M denote the space of all h{z) e A{C,L'^i{X)) 
such that h{/3+ip) E L'^^{X; Mp) for every /? e M, uniformly in compact /3-intervals. 

The space M^(X) is Frechet in a natural way; thus, we can form the space 



C°°(r2, M^(X)). Observe that, in particular, (1.14) belongs to the latter space. If 
the parameter p e M is identified with the imaginary part of the complex variable 
on the line we also write L'^i{X;Tp) instead of L'^^{X;Rp). 

Theorem 1.2. For every I {y , z) e C°°{n,L'^^{X]T p)) and for any fixed (3 E M. there 
exists a k{y,z) £ C°° {H., M^{X)) such that 

liy, z) ~ k(y, z)\n^r, & C°-{n, F^)). 

The proof relies on the method of kernel cut-off for Mcllin symbols, see, for 
instance, [17], or [20l Theorem 2.2.28]. An alternative proof may be found in [lOl 
Theorem 7.1.10]. 

1.2. Families of analytic functionals induced by conormal symbols 



If the operator (0.1) is elliptic with respect to (i.e. a^{A) ^ 0, and a^{A) ^ 



up to r = 0) the operator function (1.14 1 is a family of Fredholm operators of 



index zero. For any fixed y € f2 we are in a situation which is well-known in 
pseudo-differential operators on a manifold with conical singularities. There is a 
discrete set D(ii) C C which intersects {c < Rez < c'} in a finite set for every 



c < c', such that (1.14) is bijective for all z ^ D{y) (for abbreviation we often 
write {c < Rez < c'} instead of {2; € C : c < Rez < c'}, (and similarly for Im 
rather than Re). For every open U <Z with compact [/ C and c < d there is 
an M > such that 

(1.15) £i(y)n {c < Rez < c'} C {|lmz| < A/} 

for all y £ U. Let us set D{y) ~ {Pjiy)}jeJ{y) for ^ corresponding index set 
J{y) C Z (the numeration is individual for every y). The function f{y,z) :— 
ac(7/s,{A)~^{y, z) is extendible to a meromorphic family of Fredholm operators with 
poles at the points Pj{y) of multiplicity lj{y) + 1 and Laurent expansions 

(1.16) f{y,z) = f,{y,z) + J] d^/iz - p,iy))''+' 

k=Q 

where fj{y,z) is an L^[^(A')-valued holomorphic function in a neighbourhood of 
Pj{y), and djk{y) belongs to L^^{X) and is of finite rank. Let us set 

(1-17) niy) ■■^{iPj{y),ljiy))}jej^y), 

and 7rc72.(y) :— {Pj{y)}jeJiy) (which is equal to D{y)). Moreover, let U{Q) denote 
the system of all open U <Z ^ such that U is compact and contained in fi. Now 
fix a yo G fi and choose numbers c < c'. Then for any fixed 2(2/0) > we have a 
disjoint decomposition 

(1-18) 7rc7e(2/o) = Oc,c' (yo) U E,^,, (j/o) 
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for Dc,c'{yo) ■= {p e T^cT^iuo) ■ c ~ e{yo) < Rep < c' + e(yo))}, and -Bcx'(j/o) := 
TTc'T^lyo) \ Dc,c' (yo) where iJ^c' (yo) C {c - e{yo) < Re z} U {Re z > c' + e{yo)} for 
some s{yo) < £{yo)- There is then a neighbourhood Uq £ U{fl) of such that 

(1-19) 7Tcniy) = D,,,,iy)UE,^,,{y) 

for Dc,c'{y) ■■= {p e 7^c7^(^/) : c - e{yo) < Rep < c' + e(yo)}, and Ec,c'{y) ■= 
7rc7^(^/) \ Dc,c'iy) with i;c,c'(y) C {c - e{yo) < Rez} U {Rez > c' + s{yo)} for the 
same e(2/o),e(yo), for all y e J7o. 

Taking into account the relation (1.151 we form a rectangle consisting of the in- 
tervals 

I± :— {z £ C : c — Eq < Re z < c' + Eq, Imz = ±Af}, 

and 

/ := {z e C : Rez = c-Eo, |Imz| < M},/' := {z € C : Rez = c' + Eq, \lmz\ < M} 
for some Eq > such that e(yo) < < ^{yo)- 




The union of the small black disks inside the rectangle as a subset of C 
contains all Dc,c'(y) f^'' y ^ Uq while the centers just form the set -Dc,c'(yo)- Then 
the piecewise smooth curve Cq := /_ U /' U /+ U /, taken in counter-clockwise 
orientation, surrounds the set Dc^c'iy) for every y e Uq. Thus, the integral 

(1.20) {Coiy),h) / f{y,z)h{z)dz, 

J Co 

dz := {2Tri)~^dz, for h G .4(C), defines a family of analytic functionals 

(1-21) Co(y) e C°°([/o,^'(Xo,^eTW)) 
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carried by the compact set 



yeUo 



We use here notation and general terminology on analytic functionals, cf. 
vol.1; a selfcontained exposition may also be found in US . In particular, if E is 
a Frechet space and K C C compact by A'{K,E) we denote the space of all 
i?-valued analytic functionals carried by K. In the case E = C we simply write 
A'{K) which is a nuclear Frechet space, and then A'{K,E) = A' {K)(E)t^E (with 
(8),r indicating the completed projective tensor product between the respective 



spaces). The background of the formula (1.20) is the fact that for any f{y,z) € 
C°° {fl, A{C \ K,E)),n C M« open, and for every (piecewise smooth) curve C, 
counter-clockwise surrounding the set K, the mapping 

(1.22) [ f{y,z)h{z)dz, heA{C), 



c 



represents a C(?/) E C°°{ft,A'{K,E)). We always choose the curve C in such a 
way that its winding number with respect to every z £ K is equal to 1. It can be 
proved (cf., for instance, [53]) that for every e > there is a C of that kind such 
that dist {K, C) < e. 



Conversely, every C(y) e C°°{fl,A'{K,E)) can be written in the form (1.22|. For 
purposes below we give an explicit construction. Let uj(r) be a cut-off function on 
the half-axis, and apply the Mellin transform (Afr-j-zw)(z) =: ^{z). The function 
<I>(z) is meromorphic with a simple pole at z = 0, and ^{z) — z~^ is an entire func- 
tion. If x{z) denotes any element of C^(C) which is equal to 1 in a neighbourhood 
of 0, then x(z)<l>(z)|r^ G S{rp), for every /3 g E, uniformly in compact /3-intervals. 
An analytic functional carried by K can be applied to functions which are holo- 
morphic in a neighbourhood of K. In particular, for every z ^ K the function 
^(z — w) is holomorphic with respect to w in a neighbourhood of K. The pairing 
of C(y) G C°^{VL,A' {K, E)) with $(z — w) in the variable w gives us a function 

(1.23) h{y,z) := {ay)n„'^{z ^ w)) e C°°{Sl,A{C\K,E)). 



Note that the function (1.23) can be interpreted as the potential of C with re- 



spect to a fundamental solution of the Cauchy-Riemann operator (up to the factor 



TT-i). If C(y) is defined by ([02]) we have f{y,z)-fi{y,z) € C°°{n,AiC,E)) and 
(C(y), /i) = fc z)h{z)dz for every h G ^(C). 
Observe that we can also write 

(1.24) (C(y)^,<i>(z-u;)) =M,^,^(r)(C(y)^,r— ) 

with M.^^z being interpreted as the weighted Mellin transform, with a weight 
< 1/2 — Rew. Applying this process to the present situation we obtain 

(1.25) Uv) e C°°(t/o,^'(i^o,i-°°(^))) 
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which is more precise than (1.21). This observation is compatible with another 



way of extracting the asymptotic information from a Mellin symbol, namely, via 
the kernel cut-off Theorem 11.21 



orem 



Remark 1.3. The operator function f{y,z),z e Uq, involved in (1.20), restricts to 
an element in C°°{Un, L~y^{X] Tp)) for /3 = c — £o (or [i = c' + Cq). Applying Thc- 

we find a k{y,z) e C°°{Uq,M'^^{X)) such that k{y, z)\uoxrp - f{y, z) G 

{Uo,L~°°{X;rp)). For any x{z) that is equal to zero in a neighbourhood of 
the above-mentioned set Kq with xi^) = 1 for dist (z, Kq) > c for some c > we 
also to x{z)f{y,z)\uoxri, 



can apply Theorem 
that 



1.2 



(xW/(y, z) ~ kiy, z))|c/„xr, G C°°(f/o, L 
uniformly in compact /3-intervals, and we obtain 



for any other /3 e . 



This shows 



(Co(2/)» 



{fiy,z) - k{y,z)}h{z)dz, 

^(A)-valued function on Co, and 



h G A(C), which is an integration over an L 
hence, is L~°°(A")-valued as well. 

Let us set b := (c, c', U) for fixed reals c < c' and U G U{il), and carry out the 



above construction for (1.25) for every yQ G U. Then we obtain neighbourhoods 
Uo of 2/0, associated compact sets Kq, etc. The sets Uo form an open covering of 
U. Let us choose a finite subcovering and denote it by Uo,Ui,. . . , Un- There are 
associated compact sets Kj^j — 0, . . . , N, and elements 

Q{y) G C^iU„A'{K„L-^iX))),j = 0, ... ,7V. 

Moreover, choose a system of functions (pj G C°°{Uj),j = 0,.. 

Ef=o 'fjiy) = 1 for all y G C7. Then 

N 

ay) ■■^y^^AyXAy) g c°^{u,a'{k,,l-^{x))) 



, TV, such that 



3=0 



for := U^o -^J ' ^^'i 



is holomorphic in {c < Re z < c'} for every ?/ G C/. In other words {C{y)w, ^{z — w)) 
has the same (singular parts of the) Laurent expansions at the points of D{y)r){c < 
Rez < c'} as the function /(y, z), for every y £ U. 



The function ac{A) ^{y,z) from (1.14) belongs to the essential ingredients of 



operator-valued Mellin symbols of the edge calculus. The distribution of the poles 
including multiplicities has the properties of the following definition. 

Definition 1.4. A variable discrete Mellin asymptotic type TZ over an open set 
C M"? is a system of sequences Tl{y) C C x N as in ( 1.17) parametrised by j/ G il, 
such that for every b — (c, c', U),c < c',U G U{^), there are sets 

(1-26) {Ui}o<i<N-, {Ki}n<i<N 
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for sonic N = N{b) E N where Ui G U{ft),0 < i < N, form an open covering of U, 
moreover, Ki <e C, and 

(1.27) C {c- Ei, <Rez < c + Ei} for some e, > 0, 

(1.28) 7rc7^(y) n {c - < Re z < c' + ej C Ki for all y e Ui, 

and snpyfrjj. + hiv)) < °° where the sum is taken over those j G J(y) such 

that pj{y) e Ki,i = 0, . . . ,N. 



The restriction of an TZ to an open subset [/ C 17 is defined by 72. 



u 



{TZ{y))yizij . It satisfies Definition 1.4 with respect to f7. Moreover, we can restrict 
7?. to a subset ^ C C by setting 

(1.29) pAn{y) {{p{y), l{y)) G 7^(^/) : p{y) G A}, y G f^. 

Such a definition allows us also to form restrictions pa^\u both with respect to y 
and the complex variable z. Another useful operation for variable discrete Mellin 
asymptotic types 7?,i, . . . ,TZl is the union 

7^lU•••U7^L 

defined in an obvious manner which yields again a variable discrete asymptotic 
type. Also infinite unions may be admitted, for instance, when we decompose an 
TZ as in Definition [L4] as 



(1.30) ^= U U PK,T^\u,- 

b={c,c',U) 0<i<N(b) 

The elements TZ ~ {TZ{y))yen will classify y-dependent meromorphic functions 
/(y, z) with poles Pj{y) of multiplicity < lj{y) + 1 belonging to ■KclZ{y). 

Let us introduce the following general notation. Let X C C be compact, 
U G U{Vl), and E a Frechet space. By 

(1.31) C°°{U,A{£\K,E))' 

we denote the subspace of all f{y,z) G C°° {U, A{C \ K,E)) that have for every 
y £ U an extension to a meromorphic function with finitely many poles in the 
set K where the supremum over the sum of all multiplicities is less than some 



constant M independent oi y £ U. With a function / in the space (1.31) we can 
associate a family Sf{y) G C°°{U,A'{K, E)) in the usual way, namely, Sf{y) : 
f{y, z)h{z)dz, h G A{C). Let 

(1.32) C°°{U,A'iK,E)y 

denote the subspace of all S G {U, A' {K, E)) of the form S — 6f for some 
/ G C^iU^AiCXK, E))'. 

We say that a system of i?- valued meromorphic functions f{y, z), y £ is subor- 
dinate to the variable discrete asymptotic type TZ over f2 if for any yo £ Q every 
pole p of f{yQ,z) belongs to TTcTZ{yo), say, p = Pj{yo) for some j, and its multi- 
plicity is < lj{yo) + 1. 
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For every b — (c, c', U), c < c' ,U £ U{Q.), and Ui, Ki as in Definition 1.4 we find 
smooth compact curves Ci in the strips {c^Si < Re 2 < c' + e^}, counter-clockwise 
surrounding the compact sets Ki. This allows us to form di{y) G A'{Ki,E) by 
{5i{y),h) := f{y,z)h{z)dz. The function / is called smooth in y if 6i{y) G 
C°^{U,,A!{K„E)y for every i. Then we have 

(1.33) f,{y, z) NU^Mrm^^n, r"'") € C°"{U„A{C\K,,E))' ,i - 0, ... , 7V(6). 

Let C°°(f2, A^k(£')) denote the space of all such smooth functions / subordinate 
to the variable discrete asymptotic type TZ. 

Proposition 1.5. The space C°° {il, Ai-fi{E)) is Frechet in a canonical way. 

Proof. Let us set ft{y,z) := J2fJo (Pt{y) My , z) for functions ip,{y) e C^iU,) 

such that J^fJo Viiv) = 1 for y <^U, and 5b{y, z) := J^fJo Vi{y)^i{y^ z). Then 
we have 

5b^C^{U,M{Kb,E)y 

for Kb := Uto^^^, moreover, h{y,z) M,^,L^(r)((5fc,„„ r"™) G C°^{U,A{C\ 
Kb,E))\ and 

(1.34) /(y, z) - My, z) G C°°([/, ^({c < Re z < c'}, ^)). 

In this way for every b = (c,c',U) we obtain a (non-direct) decomposition 
(1.35) 

C°°(r!,7Wp^^7j)|c/ = C°°(C/,^({c < Rez < c'},^)) C°°(i7,^K(C \ i^fc,i;))V 
Here 

(1.36) C°°{U,ATziC\Kb,E)y cC°°iU,AiC\Kb,E)y 

means the subspace of all elements of the right hand side, subordinate to pK^Tllu- 
This in turn is a closed subspace of of the Frechet space C°°{U,A{C\ Kh,E)). In 
fact, it suffices to verify that when (/i,)^gN is a sequence of elements of C°°{U, An 
{C\Kb,E))', convergent in C°°{U,A{C\Kb,E)), the limit belongs to C°°{U,Atz 
(C \ Kb, E))*. However, for every fixed y G U the functions f,^{y) extend to mero- 
morphic functions with poles at the points p{y) G 7rc7?.(y) H Kb of multiplicities 
< l{y) + 1. Then also the limit is meromorphic with those poles, including multi- 
plicities and hence defines an element of C°° {U, Aui'C \ Kb,E))*. We endow the 



space (1.35) with the Frechet topology of the non-direct sum of Frechet spaces. 



Then C°° {fl, A4fi{E)) itself is Frechet as an intersection of spaces (1.351 over all 



b = (c, c', U) in a countable set. □ 

Definition 1.6. Let C M"? be open, and TZ a variable discrete Mellin asymptotic 
type. A family of meromorphic functions f{y, z) G A{'C \ ttcTZ, L~°°{X)),y G O, is 
called a (smoothing) Mellin symbol with asymptotics of type 7?. if / is subordinate 
to TZ in the above-mentioned sense for E = L^°°{X), i.e. for every b = {c,c',U),c< 
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c', [/ e Uip), there is a -K^b g C such that for any cut-off function u we have 

9{y,z) := {f{y,z) - Mr^^uj{r){6b,u„r''^))\ux{c<Rez<c'} 
^' ' GC°°{U,A{{c<Rez <c'},L-°°{X)) 

for a suitable Sb € C'^{U,A'{Ki),L~'^{X)))*. In addition we ask the property 

(1.38) 9{y,z)\uxr, e c^{u,S{r^,L-^{X)) 

for every c < (3 < c' , uniformly in compact /3-intcrvals, and that the (L~°°{X)- 
valued) Laurent coefficients of f{y, z) at the negative powers of z — p,p G nc'R-iv), 
are of finite rank (required to be uniformly bounded in y G U,p G Kb, for every 
6=(c,c',f/)). By 

(1.39) C7°°(Q,A^^°°(X)) 
we denote the set of all those f{y, z). 

Remark 1.7. Note that for any f{y,z) € C°° {^l, M^°° {X)) the system of pairs 
(1.40) 

'^(/)(2/)^ {{p{y) : "iT^iy)) G CxN : p{y) is a pole of/(y,z) of multiplicity m(j/) + l} 
is a variable discrete Melhn asymptotic type, and TZ = U/eC'»(n ^(/)- 

Proposition 1.8. Let f{y, z) e C°^{U, A{C \ K, E))* for some compact set K C C 
and an open set C/ C with compact closure. Then for every l3 € M. there are 
< £1 < £o < e for any e > so small as we want and a decomposition 

(1.41) / = /o + /i, fi e C^{U, A{C \ K, E)y, i = 0,l, 

such that fo is holomorphic in {Re z > l3 + eo} and f\ in {Re z < + ei}, for all 
y&U. 

Proof. We fix any yn ^ U and form the set K{yo) of all poles of f{yo, z) in {Re z < 
/3 + e(yo)} for some e(,yo) < s- Let C{yo) be a curve counter-clockwise surrounding 
K{yo) in the half-plane {Rcz < f3 + e} such that all the other poles arc outside 
that curve. Then there is an open neighbourhood U{yo) of yo such that all poles 
of f{y, z),y G U{yo) in {Re z < ^ + s{yo)} are surrounded by C{yo). We produce 
a C e C°°{U{yo),A'{K{yo),E))* in the usual way by 
(1.42) 

(C(j/)) iT'iz)) = / f{y, z)h{z)dz, h holomorphic in a neighbourhood of K{yo). 

Then g„{y,z) := M,^,(c^(r)(C^(y), r— )) belongs to C°°{U{yo),A{C\ K,E))\ 
and f{y,z) — go{y,z) is holomorphic in {Rez < /3 + £{yo)} for all y S U{yo). 
Doing this for every y G U we get an open covering of U by open sets, and 
we find a finite subcovering {U{ya), . . . ,U{yN)} for some N. Let us denote by 
gj the analogue of go for the point yj. Then f{y,z) — gj{y,z) is holomorphic 
in {Re^; < + e{yj)} for all y G U{yj). Now for a system of functions {ifj G 
^o'{^{yj))^j — 0,...,A''} such that = 1 o^^r ^ ^^n form fo{y,z) := 
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E7=o^j-(2/)5j(y'^) G C°°iU,AiC \ K,E)y, and hiy,z) fiy,z) - My,z) is 
holomorphic in {Rez < /3 + mino<j<Ar{e(yj)}}, while fo(jj,z) is holomorphic in 
{Rez > /? + maxo<j<Ar{e(yj)}}, for all y ^ U. This is the desired construction 
where ei = mino<j<jv{£(yi)}, eo = maxo<j<Ar{e(yj)}. □ 



Proposition 1.9. Let fj{y,z) € C°°{fl,Aij^{X)) for variable discrete Mellin as- 
ymptotic types Tlj,j ~ 1,2; then we have [fif2)(y, z) G C°° {Q., Ai'^ (X)) for a 
resulting TZ, and the multiplication defines a bilinear map 

(1.43) C°°(17,X^^(X)) X C°°(17,X7j^(X)) C°°in,M:,^°°{X)). 

The proof is elementary and left to the reader. Let us only note that the new 
asymptotic type TZ is not only affected by the involved poles and multiplicities but 
also by finite parts of Taylor expansions in the holomorphic regions of the factors. 

Proposition 1.10. Let f{y,z) E C°° {H., A4^°° {X)) for a variable discrete Mellin 
asymptotic type TZ; then we have Dyf{y,z) e C°°(fi, A^^^(X)) for every a eW 
and a resulting TZa, and Dy induces a linear operator 

(1.44) D,;^ : c°°{n,M:,^°°{x)) c°°{n,M:;^'^{x)). 

Proof. The assertion is a consequence of the fact that the space C°°{U,A{C \ 
K,E))* is preserved under differentiation with respect to y, cf. JTi Section 1.1.5, 
Theorem 6]. □ 

Remark 1.11. Our constructions have an analogue in the set-up of continuous 
asymptotics. Roughly speaking it suffices to forget about the pointwise discrete 



behaviour of analytic functionals and in the first part of Definition 1.6 to ask the 



conditions ( [1.37^ for suitable 5b € C°° {U,A' {Kb, L-°° {X))). In the second part 
of Definition |1.6| we drop the condition on finite rank Laurent coefficients. Then 
instead of the asymptotic type TZ itself we can speak about a system of closed 
subsets V G C,V — V{U), such that V H {c < 'Re z < c'} is compact for every 
c < c'. In some proofs it will be of help first to employ results for continuous 
asymptotics and then to observe the corresponding structure in the pointwise 
discrete case. 

1.3. Smoothing Mellin symbols of the edge calculus 

Mellin symbols / G C°°(f2, A^^°°(X)) give rise to families of operators 

(1.45) opf,(/)(y) : C^iX"^) ^ C-(X^) 

for every /? e M with TrcTZ{y) n ri/2-/3 — 0- These are involved in operators of the 
form 

(1.46) w,r-'^+^op]r"^'(/)(yK • ^'''^(^'') /C°°^^-^(X^) 
for some /i G M and j G N, and cut-off functions uj{r),uj' (r), 

(1.47) u;,(r) :=^(r[,7]), 
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etc., ?7 e M.'^. Here 77 i-> [rj] denotes some strictly positive function in C°°(M'') 
with [rj] = \ri\ for |?7| > C for some C > 0. The choice of C is unessential; for 
the sake of definiteness we assume C = 1. Concerning jj = ^j{y) we ask the 
conditions iTc'R-{y) n T ^n+i)/2--yj = (to avoid poles of f{y) on the integration 
line), and 7 — j < 7j(y) < 7 (to have the continuity of the operator (1.46l). For 
J = this means that the weight line T (^n+i)/2-'y remains free of poles of f{y,z) 
for all y S fi. For j > this is not necessary but we pass to fu, the restriction 
of / to any U E U; this is adequate and sufficient for our purposes. In order to 
express an operator convention we first note that for every eU there is a jj{yo) 
with 7 — i < 7j"(yo) ^ 7 and a neighbourhood U{yo) G U{Cl) of yo such that 
TTcTi-{y) nT(n+i)/2—,^{yo) = ^ all y e C/(yo)- This can be done for every yo S U, 
and since U is compact, there arc finitely many points j/q, . . . ,2/jv such that the 
respective sets U{yo), . . . , U{yM) form an open covering of U . Choose a system of 
functions Lpi e C^{U{yi)), I = 0, . . . , N, such that J2b=o fiiv) — 1 ^or all y £ U. 
Then we have f\u{y, z) = Y^fLo fi{y)f{y^ ^) for aU y e U. We set 

Af 

(1.48) ..,r-^+^0pX7"/^(/|^)(y)^; := ^ opI^(^')-"/^(^,/)(y)a.;, 

(=0 

y E U, for a fixed choice of data 

(1-49) {U{yi),^i,-fj{yi)}i^o....,N- 

Remark 1.12. Observe that when we have a sequence of Mellin symbols fja G 
{il, (X)) parametrised by finitely many indices j,a, then, in order to 

form expressions like ( 1.48 1, the above-mentioned {U {yi), ^i\i=q,...,n can be chosen 
independently of j, a. 

Finally, in order to define an operator convention globally over Q, we choose 

(1.50) {U\^'},,ei 

where U\ l € I , is a, locally finite covering of VI by sets £ U{il) and t e /, a 
subordinate partition of unity. Then we define 

(1.51) Lo,r-^^+^ovir'\f)iyH E^H^"^+'0pl7"/^/|t..)(yH 



The question of characterising remainders under changing the data (1.49), (1.50), 
the cut-off functions, or the function 77 ^ [rj\ leads to so-called Green symbols of the 
edge calculus, here with variable asymptotics. These will be studied below. For the 
moment we fix these data and establish a number of important properties of the op- 
erator functions ( 1.48[ ). First, we have ■mj{y,ri) := ujj,r~^^~^^ OplJ"^^ {f\u)iy)uj'^ € 
C°°([/,/:(/C"'''(X^),A:°°'''-^(X^))) for every s and 

(1.52) TOj(y, Ary) = X^'^^ Kxmj{y,'i])K^^ 
for all (y, 77), {rjl > 1 and A > 1. Here 

(1.53) iKxu)ir, x) := A("+i)/2w(Ar, x); 
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recah that n = dimX. The operators k\, X Cz M+, form a group action on the spaces 
IC'^^'y (^X^). In general, by a group action k = {KA}AeR+ on a Hilbert space H we 
understand a group of isomorphisms kx : H ^ H, X d M+, such that k.\K\i — 
for every A, A' € M+ and K.\h G C(M+, H) for every h G H (i.e. strong continuity). 
A similar notation is used when H is replaced by a Frechet space E, written as a 
projective limit of Hilbert spaces Ej,j g N, and continuous embeddings Ej ^ Eq 
for all J where i?o is endowed with a group action which restricts to a group action 
on Ej for every j. 

Given two pairs {H, k}, {H, k} of Hilbert spaces with group action, we have spaces 

(1.54) S^iU xR'i;H,H) and S^i{U x R"; H, H) 

of operator- valued symbols of order /i over an open set U CMP. These are defined 



as follows. The first space of ( [L54| ) is the set of all a{y, t]) eC°°{Ux W, C{H, H)) 
such that 

(1.55) < ^{vT-^^^ 

for all (y, t]) e K x M"?, K d [/, a G N^, /3 e W, for constants c = c{K, a, f3) > 0. 
Remark 1.13. The space 

(1.56) S-°°{U X M«; H, H) p| S^iU x M?; H, H) 

is independent of the choice of k and k. 

In fact, there are constants c, M, c, M > such that 

\W\\\c(H) < cmax{A, A"^}*^, ||ka||£(/j) < cmax{A, A~^}*^. 
If 5 and 5 are other group actions on the respective spaces we have analogous 



estimates, with exponents D and _D, respectively. Thus, (1.55) implies 

C{H,H) 

< cirj)"-^^^ foriy = fi + M + D + M + D. 

In other words, if a symbol is of order /i with respect to k, k it is of order v with 
respect to S, 6, and the intersection over all orders is the same in both cases. 

Lemma 1.14. A function a{y,ri) e C°°(U x R"^ , C{H, H)) with the homogeneity 
property a{y, Xrj) = X^k\a{y, ri)K^ for all jryj > C, A > 1, for some C > 0, belongs 
to the space S^^^iU x M«; H, H). 

The proof is of the same structure as in the scalar case where it is evident. 



Functions as in Lemma 1.14 will be called homogeneous of order /z for large \r]\ 



The second space of ( 1.54 1 of so-called classical symbols is the set of all a(y, ry) e 



Si'{UxRi;H,H) such that there are functions a^_j{y,ri) e C°°{UxRi,C{H,H)), 
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j G N, homogeneous of order — j for large It^I, such that rN{y,r]) :— a{y,'ij) — 
Ej^o"M-j(y''/) £ S''-'^'^+^^UxW;H,H), for every N eN. For references below 

by 

(1.58) S^'^^U X {W\{0});H,H) 

we denote the subspace of all a(^^){y,rj) G C°"{U x {W \ {0}), /;(H, F)) with the 
homogeneity property 

(1.59) a(^)(y, A?7) ^ kxa(^){y,ri)nl^ 



for aU A G K+, (y, r?) G [/ x (M« \ {0}). The space ( |1.58[ ) is Frechet in the topology 
induced by C°°(l7x (M« \ {0}), £(ff, i?)). 



Remark 1.15. The spaces (1.54) are Frechet in a natural way. In the case S^{U x 
W\H,H) the best possible constants in the symbolic estimates (1.55) can be 
taken as the semi-norm system. For the subspace S'^^{U x W^\H, H) we take these 
semi-norms as well, and in addition the ones from the homogeneous components 
a{^-j)iy,v) e S^^'-^'>{U X (M? \ {0});H,H), uniquely determined by a{y,r]), to- 
gether with those from the remainders a{y, ij) ~ jLo (V' '?) ^^"^ space 
gi,-(N+i)^jj X Rq-H^H^^ for any excision function x- 

Analogous constuctions make sense when we replace H by a Frechet space E 
with group action. Then, with the above notation, 

(1.60) S'^ci)(U X R'';H,E) Imi S'^^^^{U x Ri;H,Ej). 

Subscript "(cl)" is used when we refer both to the classical and the general case. 
There is also a notion of symbols when both spaces are Frechet with group action, 
cf., for instance, [20], but this is not so urgent at the moment. Let S'^^g (M'^; •, •) 
denote the respective subspaces of symbols that are independent of y. 
Clearly the choice of the group actions affects our symbol spaces, cf. also the 
estimates (1.57). If necessary we write S^^^-^{U x M'^; •, •)k_k- In the definitions we 
also admit the case of trivial group actions (i.e. identity operators for all A G IR+). 
These are always taken when the Hilbert space is of finite dimension. If both H 
and H are equal to C then we recover the scalar symbol spaces S'^jj([/ x M"?). 
Let us set 

k 

(1.61) m{y,rj) ^ E ^.r--'^+^0pX7"/^(/,„)(y)r;X 

J=0 |a|<i 

for elements fjaiy, z) G C°°(51, M.^j{^ i^)) for variable discrete Mellin asymptotic 
types Tlja- 

Proposition 1.16. We have m{y,r]) G S'^^i(OxM'?; /C"'''(X^), /C°°^T"^(X^)) /or every 
s G M. 
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Proof. The (j, a)th summand of (1.611 is homogeneous of order /i — j 



large \r]\. Thus, it suffices to apply Lemma 1.14 



for 

□ 



Operator functions m{y, rj) of the form ( 1.61 ) will be referred to as smoothing 
Mellin symbols of the edge calculus, here with variable discrete asymptotics. 



Proposition 1.17. The family m*{y,r]) of formal adjoints of (1.611, defined by 
{m{y, rf)u, v)^a.a(^x^) — i'u, m* {y, ?7)w)k;".o(x'^) for all u,v G C^{X^), has the form 

k 

(1.62) m*{y,rj) = ^ ^ u^:pp-r'^/'{f;j{y)r-'^+^fj-u:, 

j=0 \a\<j 

^here E '=0 E|a|<, E.e/ E^Io <'/'V;opi;^'^''""/'(/;j(y)r-^+^-r;"a., ^s the tn- 



terpretation of the right hand side of (1.62), and f*^{y,z) — /j*'(?/,rt + l — z) with 
(*) as the pointwise formal adjoint of operators over X. 

Proof. The formal adjoint can be carried out for the involved sumniands sepa- 
rately; then the assertion follows by a straightforward computation. □ 

Let us now compare operators op^,^ "^^ (/)(?;) and op'^j^'^ ^oi differ- 

ent S, 13 eR and f e C°°(ri, M^'^{X)) under the assumption 7rc7e(y) 
n {r (^n+i)/2-s {n+i) /2-(s+i3)} = for all y € U, for some U G U{ri), first applied 
to functions in C^{X'^). Writing {T'^f){y, z) = f{y, z + a) for any real a we have 

r-'""/'opA,(r-^+"/V)r-^+"/2 

for opj(j := op^//, and op'^j^^ "^^(/) = r^op^^ "^^(T^^/)r~'^. We assume u £ 
C^(M+,C°°(X)); then Mu{z) € yl(C,C°°(X)) is strongly decreasing on lines 
parallel to the imaginary axis, uniformly in finite intervals with respect to the real 
part. Thus, 

oplt'-''/\f)iy)uir) = rPo^'-r'\T-^f){y)r'Pu{r) 

r^"^^f{y, z - P){Mu){z - /3)c?z 



oPm if) 



(1.63) 



r f[y,w)Mu{w)dw 

(n + l)/2-(5 + /3) 

r~^f{y, z)Mu{z)dz + G{y)u{r) 



for 

(1.64) 

where A^.^ 
(1.65) 



G{y)u{, 



r^'^ f{y,z)Mu{z)dz 



r(«+i)/2-5 U r(„+i)/2_(5+/3). In other words, 

G{y) := opi+^-"/^(/)(y) - op^7"/^(/)(y). 
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The numbers S and (3 are arbitrary; thus, without loss of generality we assume 
/3 > 0. The orientation of parallels to the imaginary axis is from Im z = — oo to 



+00. Thus, Ag p in (1.64) may be replaced by a compact smooth counter-clockwise 
oriented curve Cs^p in the strip {{n + l)/2 — {S + f3) < Rez < (n -I- l)/2 — S}, 
surrounding all poles of f{y,z) in this strip for all y £ U. From (1.641, ( 1.65[ ) it 
follows that 



g{y,T])u{r) := w^op'^J'^ ''^^{f){y)uj'^u{r) - uJriOpl/'^^{f){y)uj'^u{r) 
(r/r'y f{y, z)dz^u{r')oj'^{r')dr' /r' 

3 

irM/r'[r,])'-^f{y,z)dz}u{r'W^ir')dr'/r'. 



(1.66) 



1.4. Green symbols 

Green symbols are specific operator-valued symbols, well-known in the special case 
of (pseudo-differential) boundary value problems, where the associated so-called 
Green operators characterise the contribution from the boundary in parametrices 
of elliptic problems. For instance, the Green function of the Dirichlet problem for 
the Laplace equation in a smooth domain is a sum of such a Green operator and a 
fundamental solution of the Laplacian. The situation is similar for edge problems 
where the boundary is substituted by an edge, and the half space, locally mod- 
elling the domain near the boundary, is replaced by a wedge. In contrast to the 
comparatively very simple case of boundary value problems with the transmission 
property at the boundary (the Dirichlet problem for the Laplacian is just of that 
type) the Green symbols in edge problems inherit the full complexity of asymp- 
totic phenomena such as variable discrete asymptotics coming from meromorphic 
inverses of families of Mellin symbols, and it is necessary to analyse their nature 
in a separate consideration. 

In studying boundary or edge problems one of the main issues is to recognise 
the structure (and, of course, also the role) of the Green symbols in the calcu- 
lus. Recall that in boundary value problems with the transmission property at 
the boundary a Green symbol of order m (and type 0) is a g{y,rj) G C°°{U x 
R'^, £(L^(M+), L^(IR+))) which has the structure of a symbol such that 

(1.67) 9{v.ri).9*{y,Tl) e 5^?(C/ x W-L\^+),S{W+)). 

Here * means the (y, 77)-wise L^(E+)-adjoint, the open set U corresponds 
to a chart on the boundary of dimension q, moreover, M^, to the inner normal. 



and 5(M+) = 5(M)|r_|_. As the group action in (1.67) we take kx : u{r) i-> 
A"'"/^u(Ar), A e M+, which also makes sense on 5(M+) = proj limjgpj(r)~-'\ff^ (M+). 
A Green symbol of the edge calculus is a 

g{y,ri) e C°°(C/ x M.\L{K.'''^ {X''),K.°"■-<-^'{X''))) 

for some weight shift parameter /i, such that 

(1.68) g{y, 77) G S^S{U x M''; /C^'^^^^^), -^p '''"''^°°(^^)), 
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(1.69) 

for every s, g G M. In this case the open set [/ C M'^ corresponds to a chart on the 
edge of dimension q, and V, Q indicate certain additional asymptotic properties 
in the spaces in the image. Note that the conditions in (1.67) concerning 5(K+) 



just imply Taylor asymptotics in the image at the boundary. In the edge case 
we have to be aware that the asymptotic properties may depend on the variable 



y. The relations (1.681 and (1.69) make sense with spaces with constant discrete 



asymptotic types V,Q as in Section 2.1. There are also continuous asymptotic 
types that admit such a definition, cf. [T7], [20], or [21]. However, in the variable 
discrete case we should find an alternative description, since the involved spaces, 
e.g. 1C^Q^^'°° {X^) depend on y G [/. Let us assume for the moment that V and 
Q are constant discrete asymptotic types. Then we have a representation of Green 
symbols by a kernel function. 

Given a Frechet space E by S^^{U x W,E) for an open set U W we denote 
the set of all a{y,rj) E C°°{U x W^^E) such that for every tt (belonging to the 
countable system of semi-norms of E) we have niD^D^aiy,?])) < c{r])"'-\>^\ for 
all (y, rj) £ K x'W and K <£ U, for all multi- indices a EW,f3 and constants 

c = c{a,(3,K) > 0. Moreover, S"i{U x R'^,E), the subspace of classical i?-valued 
symbols a{y,ri) is defined by the condition of existence of functions am-jiyTV) G 



«,£:),j e N, with a^_j{y,\ri) 

2^1=0 '^m-j 



C°°{U X 

for some C > 0, and a{y, rj) 
N gN. 

Now let us set E := E^ n E^ for 

E^ |C^^■'-^^■'^ 

(1.70) 



E' 



= X"'-^am-j{y,r]) for ah A > 1, |?7| > C 
(y,??) e 5'"-(^+i)(C/ X R'i,E) for every 

v/c|-^^°°(x,-,,,) 

where (8)77 indicates the completed projective tensor product between the respective 
Frechet spaces, and Q — {(q, m) : {q,m) e Q}. 

Theorem 1.18. Consider a function 

(1.71) fc(y, 77; r, X, /, x') G 5,^i(C/ x ]R«, E), 

[/ C open, for discrete asymptotic types V and Q associated with the weight 
data (7 — /i, 0) and (—7, 0), respectively. Then the family of mappings 

(1.72) g{y,T]):u^( [ k{y,T];r[T]],x,r'[r]],x')u{r' ,x'){r')''dr'dx' 



defines a Green symbol in the sense of the relations (1.68), (|1.69 ), fori> = m+n+1. 
Conversely, every such g{y,ii) admits a representation (1.72) for some k as in 



(1.71) 



The first part of the latter theorem is straightforward. The second part is 
proved in [22] (also in the version of continuous asymptotics). Note that Green 
symbols are (y, 77)-wise Green operators in the cone algebra on the (open stretched) 
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infinite cone . These have kernel characterisations, too; they can be obtained 
in a much more precise form, cf. the paper of Seller |26j . 



Remark 1.19. The choice of the function 77 ^ [rj] in (1.72) affects the respective 
symbol by a Green symbol of order —00. 

In fact, if 77 — > [77] 1 is another function of this type (i.e. smooth, strictly 
positive, and equal to I77I for large \'q\) then 

Hy, m r[r]],x, r'[T]],x') - k{y, rj; r[r]]i,x, r'[77]i, x') 

is of compact support in 77 and hence generates via ( |1.72 1 a symbol with the 
properties (1.68 1, (1.691, for m = —00. Let us now assume the weight interval 
to be finite (the infinite case is then automatic since it is reduced to the case of 
any finite 8). Similarly as (1.8) we have a direct decomposition 



(1.73) 



which allows us to write /C^ ''^"'''°°(X'^)(g)^/C°°^^^'°°(X'^) 



Eh 



E}p for 



(1.74) 



Eh 



for 



In a similar manner, we obtain /C°°^''' ^^''°°{X^)®tjJC^' '^'°^{X^) 



El 



El 



(1.75) El :=/C°°^'^-^'°°(X^)®^/Ce'"^^°°(^^),i^Q 



The property (1.71) is equivalent to k{y,ri;r,x,r' ,x') G S'^y(U x 
for i = 1,2, or 

fc(y, V; r, X, r', x') e S^JU X E],) + S^.iU x W, E^), 
k{y,w,r,x,r',x')eS:,(U ■KWi,El) + S'^,{U xWi,El). 

Applying ( |1.72[ ) to the decompositions ( |1.76 1 we obtain 

(1.77) 9{y,ni) = gr{y,v) + 9eiy'V),9*iy,v) = 9Qiy,v) + gliy^v) 

with obvious meaning of notation. The summands with subscript O represent sym- 
bols that produce flatness of order 9 (relative to the involved weights) under the 
mappings. The specific parts are those with V and Q, respectively. Let us consider, 
for instance, V. The space £-p consists of all functions of the form a;(r)(C2, r~^) 
(with the pairing in z) for arbitrary C G A'incV, C°°{X)) that are represented by 
C°°(A")-valued meromorphic functions with poles at the points pj £ t^cP of mul- 
tiplicity rrij -f l,j — 0, . . . ,N-p, cf. the formula (1.6). Analogously, in connection 
with Q we speak about the points qi (z ncQ of multiplicity ni + 1,1 = 0, . . . , Nq. 
This gives us the following result. 
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Theorem 1.20. A Green symbol g{y,Ti) as in Theorem 1.18 is characterised by the 
decompositions (1.771 for flat symbols gQ{y,ri),i = 1,2, and asymptotic parts 

(1-78) 

gUy,vHr,x)^ [ [ io,{r){e{y,rj,r'[r,],x,x'),ir[7^])-^-}u{r',x')){rTdr'dx', 



9Q{y,v)v{r',x') 



^v{r'){C'^{y, r], r[r]],x, x'), {r'[T]]) ^)v{r, x))r'^drdx. 



for C € A^-KcP^S^^yiU X M«,C°°(X^)(8)^/C°°'-'';°°(X;}^^,))), represented by mero- 
morphic functions with poles at the points pj € ttc'P of multiplicity mj + l,j = 
0,...,iVp, and C e A'i'KcQ^S'^^iU x E^, C°°(X^/)(8)^/C°°^~^+'^'°°(X;}^))), repre- 
sented by meromorphic functions with poles at the points qi (z ttcQ of multiplicity 
ni + lJ = 0,...,NQ. 

Remark 1.21. Theorem |1 . 20| has an immediate analogue in the case of continuous 
asymptotics, cf. [55]. If the carriers of the involved asymptotic types are compact 
sets in the respective weight strips, i.e. K C {(n + l)/2 — (7 — /x) + < Rez < 
{n + l)/2 — (7 — fj,)} in the case of P, and similarly for Q, the formal scheme of 
the proof is the same as for Theorem 1.20[ 

In fact, we have a decomposition analogously as (1.73), namely, 



(1.79) 
for 

(1.80) £k := Mr){C,r-^) : C e A' {K , {X))} , 

and similarly for Q for another compact set. In the following we argue for V] the 
constructions for Q are analogous. Similarly as ( |1.74 1 we can form 

(1.81) Ek ■.= £K^rrlC^^~''-^iX'') 

and replace S^^{U x M.'^,E^) by its continuous analogue 

S^iiU X R^,E]^) = C°°iU,S:^iiW,E]^)) = S^i{W,C°°{U,E]^)). 
The latter space can be identified with 

(1.82) S',^i(M«,C°°(C/,fif))(g)^/C°°'-'''°°(X^). 

This allows us to formulate an analogue for the variable discrete case, namely, to 
replace C°°{U,£k) in ( [L82| ) by 

(1.83) {L.(r)(C, r-^) : C G C°°(C/, A'{K, C°°(X))'}. 

However, in order to have reasonable Frechet space structures the variable discrete 
behaviour will be controlled by corresponding asymptotic types: 

Definition 1.22. A variable discrete asymptotic type V over an open set $7 C IR1 

associated with the weight data (7, 9), 9 = (i?,0],(X) < -d < 0, is a system of 
sequences 

(1-84) V{y) = {iPjiy),m,{y))}j^o,...Jiv) 
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for J{y) e N,?y e 17, such that ^cP{y) - {fe(2/))}j=o,...,jfe) C {{n + l)/2 - 
7 + "i? < Rcz < (n + l)/2 — 7} for aU y E fl, and for every b :— {c,U) with 
(71 + l)/2 - 7 + < c < (n + l)/2 - 7, [/ e Z^(f7), there are sets 

(1-85) {Ui}o<i<N, {Ki}Q<i<N 

for some N = A^(6) € N where Ui G U{fl),0 < i < N, form an open covering of U, 
moreover, iiTj d C, and 

(1.86) C {c - < Rez < (n + l)/2 - 7} for some > 0, 

(1.87) 7rc'P(y) n {c - e, < Rez} C for aU y e C/^, 

and swpy^ij. + ^jiv)) < ^ where the sum is taken over those < j < J{y) 

such that pj (y) € Ki,i = 0, . . . ,N. 

We will say that a variable discrete asymptotic type V satisfies the shadow 
condition if 
(1.88) 

{p{y),m{y)) £ V{y) implies {p{y) - l,m{y)) e V{y) 

for aU I = l{y) e N such that Rep(y) - l> (n + l)/2 - 7 + e 17. 

Similarly as in Section 2.2 we can restrict V to open sets C/ C 11 and sets yl C C 
which gives us again variable discrete asymptotic types paP\u associated with 
(7, Q). Moreover, if £' is a Frechet space we say that a system of i?- valued meromor- 
phic functions f{y,z),y£n,m the strip {(n + l)/2 — 7 + 1? < Rez < (n+l)/2 — 7} 
is subordinate to the variable discrete asymptotic type V over 12 as in Definition 
l-22| if for any yo & ^ every pole p of f{yo, z) belongs to 7rcP(?/o), say, p = Pj{yo) 
for some j, and its multiplicity is < mj{yo) + 1. 

For every b — {c,U) and Ui,Ki as in Definition 1.22 we choose smooth compact 
curves Ci in the strips {c — Si < Rez < (n + l)/2 — 7}, counter-clockwise sur- 
rounding the compact sets Ki, and we define Si{y) E A'{Ki,E) by {Si{y),h) := 
f{y,z)h{z)dz,h e A{C),y E Ui. The function / is called smooth in y if 
Si{y) E C°° (Ui, A' {Ki, E))* for every i. This gives us elements 

(1.89) My,z) -.^ Mr^Mrm^w^r'"^) e C°°((7„ ^(C\A'„ £;))*, z - 0, 7V(6). 

Let /h(y, z) E!Io^ Vtiy)My, z) for functions (^.(y) E Cg°{U,) with E^o^ ¥'^(y) 
= 1 for aU y e [/, and 6biy, z) := X^ilo^ Vi{y)^dy, z)- Then 

(1.90) (5heC°°(t/,^'(Xb,i;))* 

for := U=r-^^> moreover, h{y,z) M,^,w(r)(<5,,„, r--) e C°°(i7,^(C\ 
Kb,E))', and 

(1.91) /(y, z) - /fc(y, z) e C°°(C/, A{{c - e < Re z < (n + l)/2 - 7}, E)) 
for any < e < min^^g jv(6){£i} £(^)- In the following definition we set 

(1.92) E^ ■.^S''^^{M.\C°°{X,)®,}C°°^-^'°°{X^,^^,)), 



Branching Asymptotics on Manifolds with Edge 



25 



(1.93) S',^i(M^C°°(X^O<^^^°°'"''+^'°°(^r';j) 
for V := m + n + 1. 

Definition 1.23. The space Rq{^ x g)v,Q, g = (7, 7 ~ A^, ©), of Green symbols 
of order m £ R with variable discrete asymptotic types V and Q associated with 
the weight data (7 — 8) and (—7, 6), respectively, is defined to be the set of 

(1.94) g{y,T]) G S^i\n x M«; /C"'^''=(X^),/C°°'^-'^'°°(X^)), 
with 

(1.95) 9*iy,v) e s:^{n X M'';/c'^'-''+f'^(X^),/C°°'-'''°°(X^)) 

for every s, e G M, such that for every :— {c^ , U) G ((n + l)/2 — (7 — /i) + 1?, (n + 
l)/2 - (7 - ^)) X U{a),b'^ (c2, U) G {{n + l)/2 + 7 + (n + l)/2 + 7) x U{n) 
there are isTii (g {(n + l)/2 - (7 - /i) + < Re z < [n + l)/2 - (7 - A^)}, d 
{(n + l)/2 + 7 + 1? < Rez < (n + l)/2 + 7} and elements 

(1-96) CiieC°°{U,^{Kl,,E')y, A = 1,2, 

described by families J^, (y, z) of i?'-valued meromorphic functions over U, subor- 
dinate to the variable discrete asymptotic type V\u iov I — 1 and Q|t/ for Z = 2, 
such that for 

(1-97) 



9b^,Q{y,v)v{r',x') -.^ J J uj^{r'){C,^2{y,r],r[r]],x,x'),{r'[f]]) ^)v{r,x))r'^drdx. 
we have 

n nox 5(y,^)-56^p(^/,^7)e5,T(c/xM«;/c^■^^9(x^),/c-■^-^+^'^-(x^)), 

(1.98) „ 

9*iy,v)'9b^,Qiy.v) e (c/ x m'';/c^-^+«9(x^),/c--^+'' ^-(x^)) 

for /?! = + £ for any < £ < = £\b^), Pi ■= {n + l)/2 - (7 - ^) - c\ and 
/32 ^ ^2 _|_ g j-Qj. g^jjy < £ < £^ = £^(6^), /3o (n + l)/2 + 7 - (for brevity in 

(1.98) we wrote g{y,r]) rather than 9{y,r])\uxRi)- We set 

(1.99) R'Sin X M^g) := (J R"^{n x M«,g)p,e. 

Remark 1.24. The space Rq{^ x M'',g)73_g is Frechet in a natural way. 

In fact, the arguments concerning the asymptotic part are similar to those 
for Proposition 1.5 A special subspace of Green symbols is 

(1.100) i?g(17 X M«)c,, 

the set of symbols 9{y, rj) of infinite flatness, defined by the properties 

(1.101) giy,v),9*{y,v) e S'^,\n x M<J;/C^-^^-(X^),/C°°^*^°°(X^)), 
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for any reals 7, S, e. Observe that 

(1.102) g{y,7j) e R"c}{n x R'',g)v,Q ^ 9*{y,v) e K^{n x 

for g = (-7 + ^,-7,6). 



Remark 1.25. Definition 1 1.23 admits a straightforward generalisation to a notion 
of Green symbols g{y, rf) between any pairs of weights 7, 5 rather than 7, 7 — /.t. 
However, the main application here concerns the weight shift /.t which is coming 
from the order of the non-smoothing operators in the edge calculus. 

For references below we fix the following notation. 

Definition 1.26. The space 

(1.103) R%^^(nxW,g) 

for g = (7. 7 — /i, 6), 9 = (— (fc + 1). 0], fc G N, is the set of all operator functions 



(to + g){y, 77) for any m{y^ ry) of the form ( 1.61 ) and g{y, if) G R%{^ 



-g)- 



Proposition 1.27. Let g(y,ri) G R'^in x M?, 
the following properties: 



(7,7 — /i, 0). Then we have 



(i) r^g{y,T]),g(y,r]y G i?g x R\g) for every j G N; 

(ii) a{y,T^)g{y,r^) G i?^+^(C! x M^g) for every a{y,T^) G 5,-i(f7 x M«) 

(iii) D'^Df^^g{y,ri) G x W,g) for every a, ^ £ W. 



Proof, (i) From the first relation of ( 1.98 ) it follows that r^ g{y, rj) — gb^,-p{y, rf) G 
Sir^iU X M9; /C"''^'9(x^), ^oo,7-M+/3 ;°o(x^)). Thus, setting for the moment .gfci,p 
{y,r]) :— r^ gb^.-piy,v) have to show that there is a C^i of analogous structure 



as (1.96) for / = 1 such that there is an analogous relation between g^i.-p and 



as in (1.971. Multiplying the right hand side of (1.97) by gives us 
(1.104) 

^,{r){Cli {y, V, r'ivlx, x'), (rM)-^)u(r', x'))(r')"dr'dx' 

) 

w,M(['r^Cfci(y,'7,r'[,7],a;,x'),(rM)-^+^)u(r',x'))(r')"dr'dx' 

^.W(M"-''(r-^aM(y,'?,^'M,a;,a;'),(r[ry])-^)j.(r',x'))(r')"dr'dx'. 

Here T~^( means the analytic functional translated to the left in the complex 
plane, defined by {T-^C,h) = {C,,T-^h) for {T-^h){z) ^ h{z - j). Because of 
the factor [g]-^ we have C^i = [rf^^iT^Kli) e C°°{U.A'{kl^,[g\-^E^))' (in the 



notation of (1.92)) where K^^ is the translation of K^i to the left by — j. In 



particular, the order in g is diminished by j. Concerning the position of if ^1 relative 
to the original weight strip it might happen now that this set has a non-trivial 
intersection with T ^^n+l)/2-{1-^l.)+^■ However, we can write as a sum Cf^i q + CI^ 1 
where the first summand contributes a flat symbol of order m ^ j in the sense 
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of the first relation of (1.98) while the second summand belongs to a family of 
analytic functionals carried by a compact set in {(ri + l)/2 — (7 — < Rez < 

(n + l)/2 — (7 — fi)}, as required in the definition, cf. analogously, Proposition 
1.8 Thus, we have characterised g{y, rj) in the desired way. The arguments for 



g(y, r])r^ are similar when we pass to the formal adjoint, cf. also the relation ( 1.102 ). 
(ii) is straightforward, (iii) Derivatives in y, rj may be carried out in the relations 
(1.98), because of the symbolic estimates (1.55). The 77-differentiations of (1.97) 
are straightforward concerning the first 77-variables, while in the differentiations 
with respect to the remaining 7;-dependence we produce extra powers of r and r' 
that can be treated in a similar manner as in the proof of (i) . Differentiations in y 



are possible for similar reasons as in the proof of Proposition 1.10 □ 



Proposition 1.28. Let gj{y,rj) £ ■'{ft x M.'^,g)v,Q,j G I^i be arbitrary Green 
symbols with j -independent asymptotic types V , Q. Then there is an asymptotic 
sum g{y,r]) ~ J2'jLo9j{y,v) Roi^ ^ ^'',s)v.Q in the sense that g{y,ri) - 
J2j'=o9jiy^v) G Ra~^^'^^\^ X Ri,g)-p,Q for every TV e N, and g{y,r]) is unique 
modi?g°°(f7 X M9,g)p,Q. 

Proof. We employ the Frechet topology of the space i?^ (fJ x M'', gjv.Qi cf. Remark 



1.24 



and g{y, rj) as a convergent sum J^'jLo xivl Cj)gj{y, if) for an excision function 
X{v) a sequence Cj > tending to 00 sufficiently fast as j — > cx). □ 

Let us now turn to other properties of Green and Mellin symbols that play 
a role in the calculus. 

Proposition 1.29. Let U G U{^1) and consider an f e C^{U,M^°°{X)) such that 

TTc??. n r(„_|_i)/2-7 — $ for all y U, and set m,{y,ri) := r^^w^op]^ "^^(/)a;^. Then 
we have 

(1.105) DXy, 77) e (f] X R« , g) 

for every a G N, a 7^ 0, g = (7, 7 — /i, 0). 

Proof. For our Mellin operators we assume that is finite, i.e. Q = (— (fc + 1), 0] 
for some A: G N. We study, for instance, the derivative dn- for any < j < g. Then 
the assertion for higher derivatives is a consequence of Proposition |1.27[ (iii) . We 
have 

5,^m(y,ry) = r-(''-i){c.,op]7"/^(/)(y)(a,^^) + (5,^^,)opX7"/^(/)(y)^;}. 
The first summand can be written as 

(1.106) 51 (y,^) - r-(^-i)c.,op]7"/'(/)(y)^,9,j77] 

for LP := drCJ £ Cg°(R+), y>^(r) = Lp{r[ri]). Since 9^^. [77] G 5°i(r2 x W) by virtue of 

Proposition 1.27| it suffices to show go{y,ri) := r~^u}riOp]^"'^^ (f){y)(Pn S RQ{i^ x 
M'^,g). As noted in Remark |1.11| it makes sense first to interpret / is a Mellin 
symbol with continuous asymptotics, carried by the compact set Kf, as in Definition 
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1.6 For sufficiently large /? > the Mellin symbol f{y, z) is holomorphic in a 



neighbourhood of the weight line T{n+i)/2-{'y+p): a-nd we can form 
(1.107) g2{y,v) a.,opi]+«-"/'(/)(y)^, - co,oplJ-/\f){y)^,. 



Similarly as (1.661 we have 



(1.108) g2{y,v)=^r, 



{r[v]/r'[v])-''f{y,z)dz}u{r')^,y)dr'/r' 



(for the computation it is unessential that we have ipri on the right instead of w,,). 
For sufficiently large /? we have 



90 



{y,v) ■■= r-(^-i)a.,opi]+^)-"/^(/)(y)^„9,^.M e R^^-\U x M^g)o 



(the latter observation has nothing to do with the asymptotic nature of /). Thus, 
it remains to verify that r^^'^^^''g2iy,'n)9rij[il] is a Green symbol of order /i — 1. 
Because of a{ri)d,^.[T]] G S'°[(M') and Proposition 1.27 (h) we may ignore 0(77). 
Moreover, write r't ^'^) ^ [■q]f-^{r[ri])-^>'-'^'> and [77]^"! G S^~^{W). Again by 
virtue of Proposition 1.27 (ii) it suffices to show that gsiy, ry) :— r{[T]])^^'^~^^g2{y, rf) 
is a Green symbol of order 0, more precisely, 

(1.109) 

53(y, V)u{r) = {r[^])-(^-^^u^{r) /"{ / (r[77]/r'[ry])-^/(y, z)dz]u{r')^r,{r')dr' /r' 



^r,{r){Cl (y, 11, r'M), (rM)-^)u(r'))(r')"d/ + 34(2/, ??), 



in the notation of the first expression of ( 1.97[ ) (we now suppressed the variables 
x^x' that are involved via an integration with a kernel in C°°{Xx x Xx')] such 
an abbreviation is contained in (1.108) anyway). gA{y,'n) "^iH be a flat remainder 
of a similar meaning as the difference in the first relation of ( 1.98[ ). According to 
(1.97), (1.96), we have to recognise that 

Cliy.r^y) & C°°{U,A'{KlE^))' , 

here for := S^'^^iW ,C°^ {Xx)^^JC°°'-^'°°{X!;^, ^^,)),v = n + 1, cf. the formula 
(1.92). By reformulating the expression in the middle of (1.109) we obtain 



(1.110) 



^,{r'M-+'{r'[r,]f—'f{y,z){r[r^]) 



u{r'){r')''dr'/r' 
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which yields after substituting z = w — ^ + 1 
(1-111) 

Jo J C^-i_^j^i^/3 



{r[7]])-'"dw^u{r'){r')"dr' /r' . 



The curve C^_^+i.^ surrounds the poles of {r'[r]])'^'^^^''^f{y,w — fi + 1) for all 
y € U, and the integration against a holomorphic function in w represents a family 
of analytic functionals carried by a compact set in the strip {(n + l)/2 — (7 — 
^ + I + (3) < Rcw < (n + l)/2 — (7 — /X + 1)}, pointwise discrete and of finite 
order. Recall that > is chosen as large as we want, but for the connection with 
a variable discrete asymptotic type we only need the poles of real part > c for 
some c e {(n+ l)/2- (7- (fc + 1)) < Rew < (n + l)/2 - 7}, 6 = (-(fc + 1),0]. 
Analogously as Proposition |1.8| we find a decomposition / = /o + /i such that 
fo is holomorphic in {Rew > c — Sq} and /i in {Rew < c — ei} for some small 



< eo < £i- This gives us a decomposition of the right hand side of (1.111). 
Because of the position of the poles in corresponding half-planes we may replace 
the curves for the integrals with fi by curves Ci surrounding the poles of fi,i = 0, 1, 
such that Co is contained in Re w < c — Eq and Ci in Re w > c — e[ for certain 
< ef, < £0,0 < £i£i, c - e[ > {n + l)/2 - (7 - (A; + 1)). Then we may set 



(1.112) -^0 Wco 

{r[Tj]ydw^u{r'){r')'^dr'/r', 

and define Qi by 

JCi 

To finish the proof it remains to note that for the formal adjoint of 51 (y,??) we 



have (^2 = in the characterisation (1.981, since ip € C§°{R+). Moreover, the 



formal adjoint of the second summand in (1.106) is of the same structure as the 



first one. □ 

Proposition 1.30. Let fja{y,z) e C°°(ri, A^^°^ (AT)) for variable discrete Mellin 
asymptotic types TZja,\a\ < j,j = 0, . . . , fc, form the operator functions (1.61), 
and 

k ^ 
(1.114) fh{y,v) -.^Y^T. ^vr-^^'Opl^"^\f,^){y)v"Q'^ 

J=0 \a\<j 
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^7-ri/2 

where Op^,^ (•) indicates the corresponding operators for another choice of data 
(1.49), (1.501, andQyUj' are other cut- off functions. Then 

m{y,r]) 



(1.115) g{y,T]) -.^ m{y,T]) 

is a Green symbol of order fi in the sense of Definition |1.23[ 



Proof. The notation in ( 1.30 ) refers to ( 1.61 ), ( 1.48 ). The assertion can be reduced 
to a decomposition of the operators with respect to a joint refinement of the 
open coverings and to a common partition of unity. Then we may compare the 
summands separately. Thus, if / G C§° {U, {X)) is given for an open set U, 

we consider two operators 
(1.116) 



/2/ 



for different cut-off functions uj, w', a), w', \a\ < j, and weights 7- 
7i < 1, such that 7^c7^(?;) n r(„+i)/2_^^ = 0, 7^c7^(y) n T 



j < Ij < 1, l-j < 

= for all 

y G U. By virtue of the latter assumptions on the weights it makes sense to form 

7j "^^ (/)(?;), and we first consider the difference 



op]/ 



{f){y) as weU as op]f 

(1.117) giy,v) := co,r-^^+^ {op2-"^\f){y) - opT"^\f){y)}r^:,. 

To characterise g{y,ri) as a Green symbol for abbreviation we set 5 :— 7^ and 
assume without loss of generality 7^ =5 + 13 for some /3 > 0. Analogously as ( 1.66 ) 
we obtain 



(1.118) 



— ,,, ^-A'+J 



{r[ii/r'[7^])-^-f{y,z)dz]r^[, 



Now similarly as in the preceding proof it follows that g{y, rf) is a Green symbol. It 
remains to discuss the effect under changing the cut-off functions, i.e. to consider 

(1.119) go{y,v) ij^, ~ C:^r-^+^ o^l^'''\f){jj)rfJ^ 
and 

(1.120) .gi(j/,77) c.,r-^+-'opXr"^'(/)(2/)^"K " 

The formal adjoint of 50 is of analogous nature as gi and vice versa; therefore, it 
suffices to consider 171. The operators g\ contain the factor uj'^ — uj'^ from 

the left where ip € C^(M+). Thus, ^2 = 0, in the notation of ( |1.97[ ) applied 
to gi. Concerning the identification of C^i we may apply once again the trick of 
commuting powers r'^ for suitable /? > from the right to the left through the 
Mellin operator after replacing Lp{r) by r'^r~'^ (p{r), using that r~^ip{r) € C5"(M+). 
Because of the y-wise discrete character of TZ and since the set U may be taken of 
a diameter as small as we want, we can choose /3 in such a way that the resulting 
operator obtained after the commutation process is flat in the sense of symbols 
as in the first relation of (1.98). The computation leaves again a remainder of a 
similar structure as what we discussed before, see once again (1.66). Thus, this 
remainder gives us Qi of the desired quality. □ 
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2. Branching asymptotics 

2.1. Weighted edge spaces with asymptotics 

As noted at the beginning solutions to elliptic (edge-degenerate) equations on a 
manifold with edge belong to weighted spaces of the edge calculus, cf. [TB], or ppj . 
Recall that locally near the edge of dimension q in the variables (r, x^y) of the (open 
stretched) wedge x W they are modelled on the spaces W(K«, /C'"''(X^)). If 
H is a, Hilbert space with group action n = {ka}a6R+ the space yV^iW^,!!) is 
the completion of S{W^,H) with respect to the norm \\{r])'^ ^i'^^^^u{r|)\\l^2^^q JJy Here 
u{vi) — Fy^riuiv) is the Fourier transform of u in W. Equivalently we may (and 



will) replace (77) by [ry]. The group action on JC^'^{X^) is defined by (1.531. From 
the definition we see that there is an isomorphism 

(2.1) K := F-^K[^]F : H^W, H) H) 

for every s G M where {W' , H) is the standard Sobolev space of i/- valued 
distributions of smoothness s on (which is equal to the respective W^-space 
when we take the trivial group action on H). The spaces also admit loc- and 
comp- variants over an open set C R?, denoted by 'W^^^{^, H) and yV^Q^p(il, H), 
respectively. WiQ(.(rJ, H) means the space of all distributions u such that ipu £ 
yV^iW ,H), while W^a^^{^,H) is the subspace of compactly supported elements 
of yV[*Qj,(ri. H). A similar notation is used when H is replaced by a Frechet space. 

Remark 2.1. Although the definition of yV*(]R', /C '''''' (AT^)) is anisotropic insofar 
it treats the direction of the edge in a different manner than , we have 

(2.2) H'^ompi^" X X"-) c W'{R'',IC'''^{X'')) c H^^M" x X"") 
for every 5,7 G M. This is a consequence of the identity 

(2.3) W'(M«,-ff'(M"+i)) = H'iR" X M"+i) 

where iJ*(K"+-'^) is endowed with the group action {kxu){x) ~ X^'''^^^''/^u{Xx), A G 
M+, cf. [20]. 

Remark 2.2. For every u{r,y) € >V'*(M', /C*''>'(A^)) (with x & X being suppressed 
in this notation) there exists a unique v{r,y) G 7J^(IR', /C*''''(A^)) such that 

(2.4) (F,,^,^)(r,,y) = [,7]("+i)/2x)(rM,77). 



This is an immediate consequence of relation (2.1) The constructions also 
apply to a Frechet space E = proj lim^gpj endowed with a group action (cf. the 
notation in connection with ( |1.60 1); then we set 



(2.5) W"(M«,£;) := lim W(M«, S^'). 

In particular, if E IC^^{X^) for a constant discrete asymptotic type V, cf. 
Section 2.1, we have a corresponding edge space with such asymptotics, namely, 

(2.6) W"(M«,/C;^'^(A'^)). 
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Such a definition shows us immediately that we have a problem when we admit 
the asymptotic type V to be y-dependent. Therefore, the main issue of this section 
is to give a well-motivated notion of variable discrete asymptotics in edge spaces 
of finite smoothness s. The case dimX — has been treated in jTH]. It will be 
instructive to consider once again the constant discrete case. 
Let us first have a look at the standard Sobolev space i/^(]R"+^ x W) where is 
interpreted as an edge embedded in x W^. The transversal cone to the edge is 
E"+i which can be identified via polar coordinates with (S"")-^ := (1+ x 5")/({0} x 
S""). In this case, taking the group action k\ : u{x) — ?> A^"+^''/^u(Ai), A G M+, in 
we have a canonical identification 

(2.7) i/"(M"+i X M-?) = y\;''(M9,ii-'*(M"+i)). 

For any s > 0, s — {n + 1) /2 ^ N fixed, we have a direct decomposition 

(2.8) 7J"(M"+i) = iJJ(M"+i) + £r 
where 

(2.9) fr:={w(|i|) c„i" :c„ eC,|a| <s-(n + l)/2}, 

|a|<s-(n+l)/2 

and iJ^(M"+i) ;= {u e i?''(M"+i) : i:'?u(0) = for aU |a| < s - (n + l)/2}. 
The space £t can also be written as 

(2.10) Et := {w(r) ^ Cj{xy : cj € ij,0 < j < s - (n+ 1)/2|, 

0<i<s-(n+l)/2 

for certain well-defined finite-dimensional subspaces Lj of C°°(S'"). According to 
(2.7) we can pass to the direct decomposition 

(2.11) i/"(M"+i X M«) = W(M^i^o'(IR"+^)) + ^i^'(K^•^^r), 



for the operator K of ( 2. 1 1 . The second term of (2.11) shows the form of the singu- 
lar functions of the Taylor asymptotics of functions in 77^(M"+^ x M"?) transversally 
to M'', namely, 

(2.12) j<s-{n+l)/2 

Cj e Lj,Vj e H'{Ri),0<j < s- (n + l)/2}. 

(Of course, in this case we can also write KH^{W ,Et) = -P'i^j^{N^"^"'^''^^'^(|i|M) 
T.\a\<s-{n+i)/2^a('n){Vl\xT ■ G (Ri)} .) In any case, every u{r,x,y) € 
i/'*(M"+i xE«) has the form M(r,x,?/) = Uflat(r, a;, 2/)-|-Using(r, x, y), for uiie,t{r,x,y) 
e W{U%H^{R''+'^)),Usingir,x,y)€KH''{R%£r)- More details on the relationship 
between standard Sobolev spaces and embedded submanifolds interpreted as edges 
may be found in [3], [12], and also in |6j, with applications to mixed elliptic prob- 
lems. 
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Using the decomposition (1.8), for the space (2.6) we obtain 

(2.13) W"(M«,/C;;''(X'^)) W-'(M«,/C^''(X^)) + XF'^(M«,£p), 

applying the operator X : iJ^(M'?,£p) ^ W(M'?, /C°°^^(X^)). Thus, every u(r, a;, y) 
£ yV*(]R', /Cp'''(X^)) can be written as u{r,x,y) = Ufiat{r,x,y) + Usingir, x,y), for 
UfiAr,x,y) e >V"(M«,/C^^(X^)), u^ingir,x,y) € KH''iR'i,£-p)- In the present case 
the space of singular functions with constant discrete asymptotics is given by 

(2.14) 

Xi/'^(E^fp) =F-4^{M("+i)/2$]5]c.(r[ry])c,Ka;,r;)(r[ry])-^'nog'(r[,7]) : 

j=0 1=0 



Cji{x,fj) eC°°{X,H'iR'J^)) for all jj}, 



cf. the equation ^Jj, where i?*(M«) Fy_^,^H'' {R^). It is clear that when we 
change the cut-off function, or replace [77] by another function of that kind, or 
by (77), and denote the resulting decomposition by u{r,x,y) — unat{r,x,y) + 
Usingir,x,y), then Msi„g - Using = Uflat - Mflat £ W {R'^ , K-q^ {X ^ )) . Moreover, 
we have W°°(K'', H) = H°°{R'^,H) for any Hilbert (or Frechet) space with group 
action. Thus, in particular, 

W°°(K'',/C^'^(X^)) = i/°°(E«,/C^'''(X^)) 

^^■"^^^ = H°°{R'',]Cq'''{X'')) + H°"{R'^,£-p). 

In order to find a formulation for the variable discrete asymptotics in weighted 
edge spaces we first observe that the space (2.14) can be written in the form 

i^i/^(M^5p)=F-4jM("+i)/^^(r[ry])(C(r;),,(r[ry])-^) : 

(2.16) 

Civ)eA'A^cV,C°^{X,H%Rl)))}, 

where ncV = {pj}j=o,...,J, and A'^{nc'P,E) for a Frechet space E is the space of 
all i?-valued analytic functionals, carried by ttc'P, of the form 

(2.17) (C,/i) =5m'^J'^^WI-=p. for any c,i e E. 

j=0 l=Q 

Remark 2.3. Let 

(2.18) 7^ := {(pj,mj)}j=o,...,J C C X N, J = J{V) < 00, 

be a sequence such that ttcV = {pj}j=o,...,j C {z G C : (n + l)/2 — 7 + < 
Rez < (n + l)/2 — 7}, and let A-p defined to be the space of all scalar mero- 
morphic functions with poles at the points pj of multiplicity rrij + 1, = 0, . . . , J. 
Moreover, let C be a smooth compact curve counter-clockwise surrounding ncV 
in the usual way. Every / € Av gives rise to an element (f G A!{itcP) via 
j'c f{z)h{z)dz, h e A{C). Then 

(2.19) h,{v)c:= M("+i)/2^(r[,7])(C/,(rM)-^)c, c€ C-(X), 
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represents a symbol k^irj) e 5^i(M9; C°°(X), /C°°''^(X^))id,K for the trivial group 
action id on C°°{X) and {K\u){Xr,x) — A("+-'^'/^?i(Ar. x), A G M+, on the space 
JC°°''^{X^). The associated pseudo-differential operator 

(2.20) Op(fcc,)=F-ifcc,(77)F 

is continuous as an operator 

(2.2f) Op(fcc,.) : H'{R'',C°°{X)) WXM"?, /C°°'^(X^)), 

and we have 

(2.22) KH'{R'i,£t:') = {Op{kQ)v : v G i7"(M«, C°°(X)), / e Av}. 

Setting for the moment 

A'r {Cf -.feAv} 

we easily see that A'-p is of finite dimension. Moreover, for any fixed cut-off function 
u! the transformation i— uj(r){C,f ,r~^) gives us an isomorphism A'^ — > yl^ to a 
finite-dimensional subspace .4^ of A-p, and we have an isomorphism 

KH''{R\Sv)=A],®H''{M.\C°^{X)). 

Let 7^ be a variable discrete asymptotic type over il, associated with the weight 
data (7,9). Then we define C°°(J],/C^'^(X^)) to be the set of all u{r,x,y) e 
C°° {Vly^lC°°''' {X'^ ^)) such that for any cut-off function w the Mellin transform 
Mr^z'^{r)u{r,x,y) =: f{y,z) is a (in y smooth) family of meromorphic functions 
in the strip {{n -|- l)/2 — 7 -|- < Re 2; < (n -I- l)/2 — 7}, subordinate to V, as 



explained after Definition 1.4 (we often suppress the variable x when we speak 



about C°°(X)-valued functions). 

Definition 2.4. Let be a variable discrete asymptotic type over fl, associated 
with the weight data (7,6). The space Wf„^(r2, /C^''(X^)) for s e M is defined 
to be the set of all u e Wf„^(0, ^'''T(X^)) such that for b := (c, C/) for any 
{n + l)/2 — J + -d < c < (n -I- l)/2 — 7 and U G there exists a compact set 

Kb C {{n + l)/2 - 7 + I? < Rcz < (n -I- l)/2 - 7} and a function 

(2.23) My,z,v) ^C°°{U,A{C\Kh,E''jy for i?^ := C°°(X, iJ^(R«)) 
subordinate to V\u and a corresponding 

(2.24) St{y,v)eC°^{U,A'{Kb,E'))',{Sh{y,v),h}^ [ My, z,v)h{z)dz, 
/i G C, with Cb counter-clockwise surrounding K^, such that 

(2.25) 



u{r,x,y)-F-},y{[rf,^^+^yMrmk{y,v).m)-^)] 



e Wi;,(L/,/C'^'^+^(X^)) 
for (3 = l3o+£ for any < e < e{b), and [3q = (n-|-l)/2 — 7 — c, cf. also the relation 



(|1.91|). Moreover, we set 

w,^,„,p(i7,/c;^^(x'^)) := wf,,(f],/c;^^(x^)) n w:,^^{n,jc^^^x'^)). 
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In other words, the space >Vf„^(r2, JC'^i^iX'')) is the set of aU u e Wf^cl^' ^^'''^ 
(X^)) such that (in the notation of Definition |2.4[ ) for every b — (c, U) the restric- 
tion u := u\u belongs to 



(2.26) 

for 



Wf,,(C/,/C«'^+^(X^)) + W,^.7 



(2.27) 5b{y,ii) belonging to an ft,{y,z,ri) in the sense of ( 2.24[ ) 

and fb{y,z,ri) as in (2.23) subordinate to Vb :~ pKt'Plu} ■ 
The notation p is only an abbreviation for . 



Remark 2.5. The space W^-p is Frechet. Thus, (2.261 is Frechet as well in the 
topology of the non-direct sum. 



In fact, this can be verified by similar arguments as for Proposition |1.5| 
although the structure here is slightly more complicated. 



Remark 2.6. The function in (2.23) can also be interpreted as an element of 
C~(C/,^p(C \ i^:b))•(8)^^;^£;'■■ = C°°(X,7?^(M?)). Here C°°{U,Av{C\ Kb))' 
means the space of all scalar smooth functions in U with values in ^(C \ Kb) that 
y-wise extend to meromorphic functions across Kb subordinate to V; this space 
is Frechet in a natural way. Similarly as Remark 2.3 the space W^-p is associated 
with potential symbols, namely, 

(2.28) fcc,(y,r/)c:= W("+i)/2^(rM)(C/(y), (r[,7])-^)c, ce C-(X), 
kQ{y,r]) £ Sl^iiUxW; C°°(X), /C°°'''(X^))id,«. This gives us a continuous operator 

(2.29) Op{k^^) : H^R'J,C°"{X)) W^^^{U,IC°°'^{X'')), 
and we have a tensor product expansion 



(2.30) 



/, e C°^{U,Av{C\Kb))',Vj e H^R'^,C°^{X)), 



fj — ^ 0, Vj — ^ in the respective spaces, as j — > oo|. 
Proposition 2.7. There are continuous embeddings 



(2.31) 

for every s' > s. 



wu^,jc;,^^ix^)) ^ wu^,ic^^^ix^)) 



Proof. Analogously as (2.26) we consider 
(2.32) W, 



comp 



(C/,/C*'T+'3(X^))-l-Wi 



b,V 
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and tacitly assume in this case (to have a short notation for the second summand) 
that the respective function Sb{y,ri) (or, equivalently fb{y,z,r])) has compact sup- 
port in U with respect to y. Now for fixed b — (c, U) the space of all u mentioned 
at the beginning of the proof defines a Frechet subspace of 'WfQ^{il,IC'"'{X^)), 
and then Wi^^i^, K.^'' {X^)) itself is Frechet in the topology of the projective 
limit of those spaces over c and then over U. The continuous embeddings (2.31) 
easily follow from the respective continuous embeddings W{^^{fl,JC^ ''^(X^)) ^ 
Wi;,(n,/C^''^(X^)), Wil(C/,/C^'''^+^(X^)) ^ Wf„,([/,/C^^^+^(X^)) and W§'^ 

If E and E are Frechet spaces with (say, monotonic) semi-norm systems 
(7rj)jgN and (7rj)jgN, respectively, an operator A : E ^ E is continuous if for 
every j ^ N there is a = k{j) S N such that Trj{Au) < C7rj.(w) for all u € E, for 
constants c = c{A;j, k) > 0. By A — > in C{E, E) we mean that for some choice 
of a map j H> fc(j) such that the above estimates hold we have c{A] j,k{j)) 
for all j. 

Remark 2.8. The multiplication by 6 e C°°{Q) induces a continuous operator 

b : WU^,IC'^''{X^)) ^ wun,ic'^''{x^)) 

for every variable discrete asymptotic type V over il, and 6 — in C°°(r2) entails 
b^OinC{WUn,IC'^''iX^))). 

Remark 2.9. Let {U^)^(=i be a covering of by open subsets. Then u e W^^^i^, JC^^ 
(X^)) is equivalent to u\u, € Wioc(t^M (^^)) for every l e /. Moreover, 
if the covering is locally finite and (</?t)tg/ a subordinate partition of unity we 
have u = X^tg/ V't" where ipiU e y^ioci^i-^ ^v'\u ("'^^))- particular, in order to 
characterise elements of yViod^^ ICp'^{X^ j) it suffices to consider u in open subsets 
of f2 of arbitrarily small diameter. 

If 

(2.33) C : W:,„,p{n,JC''^X'')) ^ Wi;-;"(r!, /C^-"^^-^(X^)) 

is continuous for every s e M we have the formal adjoint C* : yV^Qjjjp(il, /C*'^'''+^ 
(X^)) — > 'Wi^"^{il,IC^^"^'^^{X^)) from a corresponding sesquilinear pairing be- 
tween the involved spaces with respect to the yv'^(51, /C°^'^(X'^))-scalar product 
(W0(O,.):=W°(M«,-)lo)- 

Definition 2.10. An operator C : W^^^,p{n, IC^-^ (X^)) W^^i^l, IC°°''^-''{X'')) 
which is continuous for all s is called smoothing in the edge algebra with variable 
discrete asymptotics if it induces continuous operators 

C : W!,^^{n,IC'^'^{X'-)) W,-(1],/C^'^-^(X^)), 

(2.34) 

C* : W,^„^p(f},/C^-^+''(X^)) ^ W,T,(J7,/C^-^-^(X^)) 
for all s G M, for (C-dependent) variable discrete asymptotic types V, Q. 



Branching Asymptotics on Manifolds with Edge 



37 



Definition 2.11. An operator A = Op^ (?7i+g)+C for m+g e i?^^^Q(ilxM'', g), g = 
(7, 7 — /I, 8), and a smoothing operator C in the sense of Definition 2.10 is called a 
smoothing Mellin plus Green operator in the edge calculus with variable discrete 
asymptotics. If the Mellin summand vanishes we talk about a Green operator in 
this calculus. 

Proposition 2.12. Let 171 + g E R'^j^^in x IR'',g),g = (7,7 — /i,6), and ip,(p' £ 
C°°(f2), supp (ysHsupp (/j' = 0. Then the operator C :— ipOpy{m + g)ip' is smoothing 
in the sense of Definition |2.10[ 



Proof. Let us check the first mapping property of (2.34); the second one is of 
analogous structure when we apply the conclusions to the symbol Lp'[y){m + 
g)*{y' ,ri)ip{y') for the pointwise formal adjoint {m + g)* which has similar prop- 
erties, cf. Proposition 1.17 and relation (1.102). We apply the Taylor formula to 
if'iy') and write 

(2.35) 



|Q|<Ar 



{N 



nOC 

1)! yo^Ky'-yr (i-t)^a>'(y + %'-y))dt. 



|q| = 7V+1 



Setting ^paiy,y') ^{N + l)\/a\ J^{1 - t)^d^ip'{y + t{y' - y))dt it follows that 



Cu{y) 



(2.36) 



E 

\a\ = N+l 

E 

|a|=iV+l 



= E 

\a\ = N+l 

By virtue of Propositions 



e^iy-y')^{m + g){y, r^){y' - 2/)"V'a(y, y')u{y')dy' di^ 
{-Dr,re'^y-y'^^{m + g){y, r^^^^y, y')u{y')dy' dig 
e'^y-y'^'>D^{m + g){y, Tj)My, y')u{y')dy' di^. 



1.27 



and 



1.29 



we have gaiy,v) D^i^ + g){y,r]) e 

Rq '"'(ri X M'',g) for iV > 0. We consider the summands Cq on the right of 
the latter equation separately for any fixed a. A tensor product expansion for 
tpa{y,y') e C°°{n x n) gives us tpa{y,y') = Y.T=o^j^j(y)^'j(y') ^'^^ coefficients 
e C,X;°lo l^il < 00 bj{y),b'^{y') e C°^{n), tending to as j ^ od. This 
gives us 

00 

(2.37) CMy) - E ^My)0Py{9c.)b'^{y')u{y')- 

3=0 



Let us now apply Theorem 2.13 below (the proof does not depend on the present 
proposition). Then using the known fact that bjU tends to zero in the subspace 
of yV^Q,-„p(il, /C'*^'''(X^)) of elements with fixed compact support in 51 (namely, 
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suppu),Theoreni|2l3|yields Op^(5a)5> ^0 in Wi^^'^+I"!^^!, /C^ 



for some variable 



discrete asymptotic type V. Remark 2.8 shows that (2.371 con- 
verges in yVj^^~''^^'"'''(J7,/C^'''^~^^~'''"'''(X^)). A closed graph argument (first ap- 
plied to elements with fixed compact support in f2) gives us the continuity of 

Since a is arbitrary, we obtain the desired mapping property of C. □ 

2.2. The action of operators in spaces with variable discrete asymptotics 

An important aspect of the program of regularity is that the operators of the edge 
calculus preserve variable discrete asymptotics. The main issue is to have operators 

where 7^ or Q in parentheses mean the corresponding spaces with or without such 
asymptotic types. 

We employ the fact that when a{y,y',r]) is a symbol in 5'^"i)(ri x 17 x W^H,!!) 
for (Hilbert or Frechet) spaces H, H with group action the operator Opy{a)u{y) — 
JJ e^^^^y ^^a{y,y',r])u{y')dy'd'ri induces continuous operators 

(2.38) Op{a):W!,^Jn,H)^W,l-"'{n,H) for any seR. 



Theorem 2.13. Let g{y,ri) be a Green symbol in the sense of Definition 1.23 Then 
induces a continuous operator 

(2.39) Op,(5) : W,^_p(J7, /C^''^(X^)) ^ Wf-'"(f], /C^'^-'^(X^)) 
for some variable discrete asymptotic type Q over Q, for any s G M. 

Proof. The continuity of Op^^ (g) between edge spaces without asymptotics follows 
from relation (1.94). For the continuity of (2.39) it suffices to show that for every 
b = {c,U), (n+l)/2-(7-^)+i? < c < (n + 1)/2 - (7-^), G U{n), the operator 
is continuous as 

(2.40) Op,(5) : WeUp(;7, /C^''^(X^)) ^ Wf-"(f/, IC°°'''-'^+^ {X"^)) + 



for /3 = /3o + £, < e < e{b), /3o = (n + l)/2 - (7 - /x) - c. According to ( |1.98[ ) we 
can write 

(2-41) 9{y,v) = 9oiy,v) + 9b,Qiy,v) 

for a goiy,v) e S^I{U x M?; /C^'T-^ (X^), /C°°'T-'^+'3'°°(X^)) and 
(2.42) 

9b,Q{y,il)u{r,x) ^ I I uJr,{r){C,{y,-q,r'[r]\,x,x'),{r[ri\y)u{r' ,x')){r'Ydr'dx' , 



for a ay,mr\x,x'){^ Cfc) e C°-{U,J^{Kb,L))',Ki d {(n + l)/2 - (7 - m) + ^? < 
Re z < (n-|-l)/2 — (7 — /i)}, described by a family /(= /&) of L- valued meromorphic 
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functions subordinate to Q, and L := S'^^i(M'')(g)^C°°(X^)(g)^A:°°^-(T-'')'°°(X;},_^,)), 
V = m + n + 1. The operator Op(go) induces continuous maps 

(2.43) Op(.9o) : W,^,,,p(C/, /C^^^(X^)) ^ Wi;;™(C/, /C-^^-^+^(X^)) 

for all 5. Moreover, a tensor product expansion gives us 

oo 

C{y,f];r',x,x') = ^ \iCi{y)ai('i])ti{r' , x') 

1=0 

for Xi e C,J:\Xi\ < 00,0(2/) G A'{Kb)<E>^C°°{U)^^C°-iX),aiiv) G ^,7+"+\M^), 
ti{r',x') £ IC^'^^'-'^^lX^), tending to in the respective spaces for / — > oo. Then 



oo 



(2.44) Ti{T^)u^aM / [i^]^^+^yhi{r'[T^lx')u{r' ,x'){rTdr' dx' , 



xJo 



defines a T/(7/) e S'";+'"+^^/^(M9; /C"''''9(X^), C). For u e W"(M'?, /C"^T'9(X^)) it 
folfows that wi Opy(T/)u e H''~''-'-'''+^y^(M.i). Write Wi(r/) = [77]("+i)/2u;0^^) 
for a corresponding wj* G i/*^™(M^). Moreover, for 

(2.45) K,(y, fj)u = u;(rM)(C/(y), (r[??])-^) 
we have 

oo 

(2.46) 9b,Q{v,v) = Y,XiKi{y,i^)Ti{T^). 

1=0 

It folfows that 

oo 

0Py{9b,Q)u = ^ XiOpy{KiTi)u 

1=0 

oo 

(2.47) = ^ AiF-4i^z(y,7?)(TOp,(T0u) 

1=0 
oo 



i=0 



The series 

oo 

(2.48) ^6(2/,?7):-E^'C;(2/)*['(^) 

(=0 

is convergent in C°° {U, A' {Kb, E'^^"''))* subordinate to Q (cf. the notation in 
( [2:231 )). It follows that Opy{gb,Q)u = F-^y{[r]](^'+^yMr[v]){Sb{y,v), (rMr^)} 
which belongs to W^"^. In other words we proved that 

(2.49) Op,(5^q) : WcW((7, /C^-^(X^)) -> 

is a linear map. By virtue of the continuity of (2.43) for the continuity of (2.40) 
it remains to show that (2.49) is continuous. This follows from the closed graph 
theorem when we have a closed graph. However, this is the case, since Opy{gb,Q) is 
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continuous as an operator into an analogue of the space g'" based on continuous 
asymptotics carried by the compact set Kjj. Then, if a sequence of pairs (itj, 
in the graph of Opj,((7b.g) converges in the latter sense to a limit {u,v) in the 
product space where the second component relies on the space with continuous 
asymptotics, we have 0'Py{gb.Q)u — v. But Vj belongs to W^g™ in the pointwise 
discrete sense, and the limit in the continuous analogue is automatically pointwise 
discrete. This completes the proof of Theorem |2.13| □ 

Theorem 2.14. Let m{y, rj) be a smoothing Mellin symbol of the edge calculus of 



the form (1.611. Then 

(2.50) Op,(m) : W,^,,„p(l], /C^'^(X^)) ^ Wi;7(l], /C-'^-^(X^)) 
restricts to a continuous operator 

(2.51) Op,(m) : W,^_p(l], /C;i^(X^)) ^ W,l-/in,IC^'^-^iX^)) 

for every variable discrete asymptotic type V for some resulting variable discrete 
asymptotic type Q, both over f2, for any s G M. 



Proof. An operator ( 1.61 1 is a sum of expressions of the form 



(2.52) r-^+^c.,op]r""^V(2;)^"^; 

where j e N, \a\ < j,j - j < jj^a < 7, and f{y) € C°°(n,7\/l.^°°(X)) for some 
variable discrete Mellin asymptotic type TZ = 'R-j^a and / supported with respect 
to y in an open subset of small diameter, such that T(n+i)/ 2~'ri,a ^ -KcR-j^aiu) = 



for all y & U. By virtue of Proposition (1.16) the operator (2.501 is continuous for 



every s. To show the continuity of (2.51) we mainly check that Op„(m) defines a 



linear map between the corresponding spaces. The continuity is then a consequence 
of the closed graph theorem which applies for similar reasons as in the proof of 
Theorem |2.13| By Remark |2.9| it suffices to assume that the argument function 
u e yV^Qjjjp(fi, /Cp^(X^)) is supported with respect to y in an open set [/ C 
of sufficiently small diameter. We may (and will) take the same U as before for 
the Mellin symbol / since the localisation of a Mellin operator off the diagonal 
gives rise to a Green operator, cf. Proposition |2.12| More precisely we assume 
/ e C^{U,Mn{X)). For b := (c, f/) and b := (c, U), 

(n+l)/2-7+?9 < c < (n+l)/2-7,(n+l)/2-(7-^) + i9 < 5 < (n + l)/2- (7-/1) 



according to (2.26) for our mapping we consider the spaces 



(2-53) w,^o„,p(c/, ic^'-<+^{x^)) + ^L7iu, ic-'-'-^+^x^)) + wl-^ 

for ^ = /3o + e,/3o = (n + l)/2 - 7 - c, /3 = /3o + £, /3o = ('^ + l)/2 - (7 - m) - £, 
for sufficiently small e, e > (by definition we have /3o > 0, and 7 + indicates 
flatness of order (3 relative to 7; a similar role play /3,/3o)- It suffices to show that 
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for every c there is a c such that 

Op,(r-^+^-^,oplr""^V(y)'7"^;) :WcUp(C/,/C^'^+^(X^)) + 
(2.54) ~ 

is continuous. Let us mainly consider the case /x = 0, and j = 0; then ^j^a = 7- The 
general case can be treated by a slight modification of arguments. By assumption 
we have / € C°°(f7, A^^°°(X)) and r(„+i)/2_^ n 7^c7^(y) = for all ye^. Then 
the assertion can be decomposed into the mapping properties 
(2.55) 

and 

(2.56) Op,(^,opX7"/'/(y)0 : ^ Wioc(t^, /C«^'^+^(X^)) + Wf_^ 
for variable discrete asymptotic types £, A^. We will see that 

(2.57) C{v) = {(r(y),/(y)) G 7^(y) : (n + l)/2-7 + 79 < Rer(y) < (n+l)/2-7}, 
and 

(2.58) M{v)=V{y)\JC{y), 



y €z n. Let us first consider the case (2.55). We choose b = {c,U) as mentioned 
before (now for fj, = 0). Here we have some freedom, since the only condition 
is that all U in consideration form a finite open covering of C/q for any given 
Uq E the diameter of U may be taken as small as we want. Moreover, 

it suffices to assume that c belongs to a countable sequence (cJ^gN such that 
Ct — ?> (n + l)/2 — 7 + z9 as t ^ oo. For its choice we start with any such sequence 
(cJtgN and then by an approximation we pass to another one, namely, (cJ^gN 
with analogous properties. Let us write c := for any fixed l. Given c we first set 
(3q := (n + l)/2 — 7 — c. Then for every fixed yo G Uq we find a sufficiently small 
(5 > such that ^ f^^j^^y2-(',+h+&) ^ '^C'C(yo) = 0- Now we set /3o := /3o + (5 for 
such a 5 and c := (n + l)/2 — (7 + /3o). Then we have 

(2-59) ^in+l)/2-(-y+p.+e) ^ ^cCiyo) = 

first for y — yo and all < e < Eq for some sufficiently small Sq > 0, and then for 
all y in an open neighbourhood U{yo) of yo- Then we set U := U{yo). Summing 
up we made an appropriate choice of 6 = {c,U). For the proof of (2.55) we set 
(3 = (3, (3o — f3o,c — c, such that (3 ~ /^q + e, f3o — {n + l)/2 — j — c. Recall that £ 
in this connection is used in the meaning 

(2.60) Cb=PKM 



u, 



2.2 



we have 



cf. the formula ( [2^ . Let u € W^^^-^^iU, JC''''+^ (X^)). By Remark 
(2.61) {Fy,^,ju){r,rj) = M'^"+^'^^^v{r[rj],rj) for a v{r,y) G H''{W,JC'''+^iX'')) 
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(recall that the x- variable is suppressed in the notation). By virtue of Theorems 
|1 .301 and 2.13| we may assume lo = lo' . We have 

(2.62) uj{r[ii){Fy,^,,u){T,T^) = [4^+^y^Lo{rU)v{r[r^U) = «[,]{c.(r){)(r, ,7)}. 

Since a Mellin operator commutes with k^^^ when the Mellin symbol has constant 
coefficients in r, cf. the relation (1.3), for 

(2.63) rn{y,rii) a;,,opX7"^^/(2/)w,, 
it follows that 

OVy(m)u{r,y) = F-Xyi^{r[rf\)ovl^'^''^ {f){y)i^{r[i\){Fy,^rju){r,ri) 
(2-64) ^ ^^-4,^(^W)opl7"^'(/)(?/)«M{^(Oi'(^,^)} 

Let h{z,ri) := M^_n/2{i^{r)v{r,ri)}; then 

^ir)opU''^'^if)iy){uj{r)v{r,ri)} ^ uj{r) / r^^ f{y, z)b{z,r])dz. 

''^(n + l)/2~-, 

For y £ U we can write 

(2.65) uj{r)oplJ''^^ {f){y){uj{r)v{r, t])} = d{r, y, 77) + c(r, y, 77) 



for 



(2.66) 



d{r,y,-r]) ^uj{r) / r f{y, z)b{z,T])dz 

"'r(„+i)/2_^ 

-a;(r) / f{y, z)b{z,ri)dz, 

•'T{n + l)/2-(-, + fi) 



and 

(2.67) c{r,y,T]) ^ uj{r) r^"" f{y, z)b{z,T])dz. 
We have 

(2.68) dir,y,r,)=uj{r) [ r^' f{y, z)b{z,7^)dz 

Jc 

for a smooth compact curve C counter-clockwise surrounding the poles of f(y, z) 
in {(n + l)/2 — (7 + /3) < Re 2; < (n -I- 1)/2 — 7} for all y € U. Moreover, we write 



c(r, y, 77) = u;(r) / r-«"+i)/2-(^+^)+'''')/(y, (n + l)/2 - (7 + /3) + ip) 

^ — 00 

(2.69) b{{n + l)/2-{-f + l3)+ip,7j)dp 



r' u!{r) I r f{y,z — f3)b{z — P,ri)dz. 

"(" + l)/2-T 
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It foUows that u!{r)op1j "^^(/)(y){aj(r)?)(r, 77)} = d{r, y, ri)+c{r, y, 77) for ah y ^ U, 
and (2.64) gives us 

(2.70) Opy{m)u{r,y) = F-_XyK[,j]{{d{r,y,'q) + c{r,y,r]))}. 

In order to recognise the nature of the latter expression we first consider the 
summand with c(r, y, 77) and show that 

(2.71) F-^yK^^]c{r,y,^) e W^(M^ /C-^^+^(X^)). 
To this end we employ the fact that 

fiy, z - /3) e C^iU, L-^{X- r(„+i)/2_^)). 
Applying a tensor product expansion we write 

00 

f{y, I - /3)|r(„+i,/2-., = 51 ^jV'i/j 

where \^i\ < 00, and G C!o°iU),fj & L^°°iX;r(^n+i)/2~y) tending to in 
the respective spaces for j — >• 00. This gives us 

00 

F~-\yK[ri]cir, y,r]) F-_},yH[^]\jtPj{y)cj{r, 77) 

3=0 



foT Cj{r,ri) = r^uj{r) jj,^ ^^^^^ r ^ fj{z — f3)b{z — (3, ri)dz. We obtain 



F, 



where u}{r)cj{r,y') e i7^(M«, /C°°'''+^(X^)), i.e. 

F-i.j[,]F(c,(r,y')) e W^(]R^/C°°'^+'^(X^)) 

which tends to as j — ?> 00. The multiplication by ipj{y) acts on W^{M.'' ,1C°°''^~^^ 
{X^)) as a continuous operator, and its norm tends to zero as ipj{y) 0. This 
gives us altogether (2.71), as desired. 

Let us now characterise the contribution of d{r,y,ii) in (2.70). First note that 

b{z,rj) € Af^_„/2,,^,i^,'^,c.(r)i/^(M',/C°°'^+^(X^)). 

The Mellin transform of a;(r)i7''(M«,,/C°°''^+^(X^)) consists of iJ^(M^, , //"(X))- 
valued holomorphic functions in {Rez > (71, + l)/2 — (7 + f3)} which restrict to 
elements in 

for every a > {n + l)/2 — (7 + /3), uniformly in compact a-intervals. The product 
f {y , z)b(z , r]) occurring in ( |2.68 ) is holomorphic in z in a neighbourhood of the 
curve C for all y € J7 and extends for every y to a, meromorphic function inside, 
with values in i7*(M^,, C°°(X)). Thus, (2.68) represents the pairing of a function 

.5(7;, 77) e C°°{U,A'{K,C°^{X)i)^H''m)))' with r-^ This gives us a function 
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S{y,y') as in Definition 2.4 Thus, the first summand on the right of (2.70) takes 
the form 

(2.72) F,74..[,](a.(r)(<5(y,y0,^-^))=^^,74W^"'''^^'(^(^W)('5(y'2/0,(^W)-^))- 
This yields finally 



(2.73) 



OpJm)u{r,y) G Wf,,(l], /C^^^(X^)). 



In order to show (2.561 we assume u S Wg'p (recall that in this connection the 
function u has compact support in U with respect to y, cf. the comment after 
(2.32)). In other words, Opy{m) acts on 

u{r,y) ^ F-J,y{[4-+'^/MrmSb{y,v)Ar[v]r'')} 



(2.74) 



for a Sb{y,r]) e C^{U,A'iKb,E-'))' , cf. ([2^, ([2^, and ([2^. Moreover, we 
assume again / G {U, A4^°° {X)) which is admitted on the expense of a Green 
term, cf. Proposition |2. 12| and Theorem |2.13| Then we have to characterise 

(2.75) Opyiu:,opjr'^'if)iy)u^,{F^\{[ij]'--+'^^^^^ 

A tensor product expansion gives us 



(2.76) 



with X]^o \ < °° ^-nd zero sequences Q and vj in the spaces C^{U, A' {Kb, C°° 
{X)))' and H^iW'), respectively (where Q is defined by functions subordinate to 
V). The potential symbols 

(2.77) k^^{y',^)^Lo^[ft]'^-+'y^{Q{y'),m)-^) e S°,,{U x M"; C, /C-'^(X^)) 
tend to zero in this space of symbols. From 



(2.78) 



it follows that 



Y^^KjVj for Kj = Opy(fc^^ 

3=0 



(2.79) Op,(m)^. = ^A,Op,(c.,op;7"/'(/)(y)u;,)Op,(M("+i)/2c.,fcc,(y:'7))^'.- 

To compute the right hand side we first consider the j-th summand, and drop for 
the moment the factor Aj. For 

(2.80) m{y,vi) = w,,op]7"/^(/)(y)w^, nj{y,'q) = kQ^{y,ii) 
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we have 

(2.81) Op^(w,op]7"/'(/)(j;)L.,)Op^ (fee, - Op^(m(2;,ry))Op^(n,(2/,r,)). 

According to the composition rule Opy{m{y, ri))Opy{nj{y, rj)) — J2\a\<N (l/o^' 
{d!i^m(y,r]))D"nj{y,r])^ + OPy{rN.j{y,v)) for ^ remainder r^j of standard form 
cf. the formula ( 2.94^ below, iV g N, we have to characterise 

(2.82) Opy{{d^m{y,r]))D^nj{y,ri))vj and Oj>y{rN,j{y,ri))vj 

for Vj e H''{R'^) as elements of 'yV^o^^p{U, K.^'^ (X^)) , tending to zero as j — >■ oo. 
It will be sufficient to consider the case = 0. In the following computations we 
first omit j and consider 
(2.83) 

Opy{m{y,rMy,v))v^Opy{{u,oplJ''/y){y)L.,m^^+^^ 
Similarly as ( |2.64 1 it follows that the latter expression is equal to 

(2.84) F-4{«[,]C.(r)opX7"/'(/)(y)<^(r)(C»(y),r-'")^(77)} 



for uj :— up'. Setting b{y,z) 
b{y, z)v{rj) it follows that 
(2.85) 

a;(r)op]7"/^(/)(y)(L(r)(C^(y), r-)«(r7) ^ u^{r) 



-,-n/2,r~^z{^ir){Cw{y),r ™)} and b{y,z,r]) := 
r^'' I{y,z)b{y,z,vi)dz. 



The following considerations make sense again first for a fixed yo U such that the 
respective weight lines are free of poles of the integrands in z and then in an open 
neighbourhood of that point. In other words, we may concentrate on a suitable U 
of sufficiently small diameter. Then, similarly as (2.65) for y (z U we can write 

(2.86) uj{r)opli''/\f){yMr){Uy),r-nHv) = dir,y,7j) + c{r,y,ri) 



for 

(2.87) 

and 
(2.88) 

We have 
(2.89) 



d{r,y,-q) =uj{r) 



r ^f{y,z)b{y,z,i])dz 



(„ + l)/2-T 



uj{r) 



cir,y,v) = w(r) 



r ^fiy,z)b{y,z,ri)dz, 



(,i + l)/2-(T. + 3) 



r ''f{y,z)b{y,z,r))dz. 



(,i + l)/2-(^ + 3) 



d{r,y,ri) ^uj{r) / r f{y, z)b{y, z,'q)dz 
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for a smooth compact curve C counter-clockwise surrounding the poles of 
f{y,z)b{y,z) in {{n + l)/2-{j+P) <Rez < {n + l)/2-j} for ah y e U. Moreover, 
we write 

/oo 
^-((n+l)/2-(7+«+«p) + l)/2 _ + /3) + ip) 

-OO 

(2.90) b{y,{n + l)/2-{j + l3)+tp,rj)dp 



w(r) 



r ''f{y,S - P)b{y,z - P,i])dz. 



It follows that w(r)opXf "^^(/)(y)w(r)(C^(?/),r ™)w(?7) = d{r,y,r]) + c{r,y,ri) for 
all y £ U, and (2.641 gives us 



(2.91) 



Opy{m)u{r,y) = F^^^^^mI (^^V: 2/, ??) + y, ?7))}. 



In order to recognise the nature of the latter expression we first note that the 
property 



(2.92) 



F-4«;[,]c(r,y,ry) G W^(M^ /C-^^+^(X^)) 



can be proved in an analogous manner as ( |2.71[ ). Next we characterise the con- 
tribution of d(r, y,?7) in (2.91). The product f {y , z)h{y , z , rf) = f{y,z)h{y,z)v(r]) 
occurring in ( |2.89 1 is holomorphic in z in a neighbourhood of the curve C for all 
y € U and extends for every ?; to a meromorphic function inside, with values in 
C°°{U,A{C \ K,E^)) for = C°°(X)(g)^F«(M* ). The function ( p^SOl represents 
altogether the pairing of a function d{y, rj) G C°°{U, A'{K, E^))* with r^^, cf. also 
the notation (1.32). This gives us a S{y,y') as in Definition 2.4 Thus, the first 
summand on the right of (2.91 ) takes the form 
(2.93) 

F-4,«:[,](a.(r)(5(y,y'),^-^)) = ^^,-4,{W^"+'^/'^(K'7])('5(2/,y'),(K'7])-^>}. 



Next we turn to the remainder term in (2.82 ) which is of the form (when we omit 
again j) 
(2.94) 



rN 



(y,77) = (iV+l) ^ j\l-tf/a\jje-'^Hd'^m){y,ij+tO{D'in){y+x,ii)dxd^dt. 



|a|=Af+l 

For = we have 
(2.95) ro(y,77)=^ 



(9»(y, 77 + iO(I?»(y + X, ij)dxdidt. 



We may consider the summands separately. For convenience we assume q = \ 
(the general case is completely analogous). Then our remainder is the sum of the 
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following two terms 



(2.96) 



and 



{c.(r[,7])[r;]("+i)/2((a,C)(2/ + x), {r[T^])-^-))v{r^)}dxdidt. 



(2.97) 



{c.(rM)[,7]("+i)/2((a,c)(?y + .x), {rMr^))vmdxd^dt 



'0 



According to Kumano-go's calculus [TTj on the structure of oscillatory integrals in 
compositions, here generalised to the set-up of operator-valued smbols of the kind 
(1.54), the expression (2.97) can be written as Opy{ao)v for a symbol ao{y,r]) g 
S'-i(M9 X M'?;C,/C°°'°°(X^)), continuously depending on the involved facto rs, in 
particular, on C. This contributes to the convergence claimed after (2.82). For 
(2.96) we write Opy(ai)u for 

(2 98) fj I """^^'^(^[^ + mwir'\f)md,^,){r[v + m 

{c.(rM)M("+i)/2((a,C)(y + x), {rU)-^')}dxd^dt. 



In this case we have ai{y,r]) g S'°(]R'' x R'^;C, IC°°''^ {X^)), again by a generalisa- 
tion of Kumano-go's formalism. However, we want more, namely, variable discrete 
asymptotics in the image under Opy{ai)v. To this end we decompose (2.98) into 
ai{y,v) = ao{y,v) + a{y,v) for 

(2.99) 

ao(y, v) ^ Y [ e-^'^HHr[v + t^]) - ^(rM))op]7"/2(/)(y)(a,c.,)(r[r; + t^])} 
Mrm4-+'ymdyOiy + x), ir[fj])-^))}dxd^dt, 

and 



(2.100) 



a{y,v) yye-"H^(K'?])op]7"^'(/)(2/)(5.^.)(^['? + ^e])} 

{c.(rM)M("+i)/2((9,C)(y + x), {rMr^))}dxd^dt. 
In Lemma l2.16l b elow we will show that 

(2.101) do{y, v) e S-\R'' x M"; C, /C°°'°°(X^)). 
For a(y, rj) we write 

(2.102) a{y, r;) = Loir[f^])opl-"/' {f){y)uj{r[r^])b{y, r^) 
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for 

(2.103) + 

{..'(r[,])H<»«>/'(0,C)(!/ + i),(rH)-'))Mf<if. 

for any cut-off function lj' )^ lo. 
For V £ H^iW) we obtain 

(2.104) Opy{ro)v = F-_},y{ao{y, ii) + ao{y, ii) + a{y, T])}v{r]) 
where 

(2.105) F-_\y{aoiy,r]Mv)},Pr;'y{My,v)vm e W,^o^p(f/, /C°°'°°(X^)). 



What concerns the contribution of a{y,rj) Lemma 2.17 below will show that 

h{y,ri)v{ri) e C^{Uy,W''{R%K.°^'°^{X ''))). Then, to characterise 

(2.106) F-Xy{a{y,ii)}v{i^) = Jc.(rM)opX7"/'(/)(2;)c^(r W)6(2/, r7)}{)(,?) 
we are in a similar situation as in ( |2.64[ ), and it follows altogether that 

(2.107) 0^y{r^)v{r,y) e Wf„,(17, /C^'^(X^)), 

cf. the notation in ( 2.73| ). □ 

Let be a Frechet space with the semi-norm system (7rj)j£N which defines 
its Frechet topology, and let u = {vj)j^ff and /x — (/ij)jgN be sequences of reals. 
Then S'^'''{m X Ri, V) is defined to be the space of all a{x, ^) e C°°(]R« x Ri, V) 
such that 

(2.108) 7r,{D:Dla{x,C))<c{CrHxP 

for all (a;,C) e M«xM«,a,/3 e N^J e N, for constants c = c{a,/3,j) > 0. The space 
S'^''^ (Ri , V) is Frechet with the optimal constants c = c(a, (3,j){a) in the sym- 
bolic estimates ^JO^ as semi-norms. Set 5°°^°°(M9 x M«,y) := [j^^^ Sf'-''{R'' x 
M"?, V^). The machinery of oscillatory integrals in the sense of [TTj (here generalised 
to the vector-valued case) tells us that for any x G S{R'^ x R"^), x = 1 near (x, C) = 
the limit 

(2.109) / / e-'''^a{x,^)dxd^ := lim^^o / / e-''-'^xiex,e^)a{x,Odxd^ 



exists and defines a continuous operator 

(2.110) S'^'''{R'i X M9, V) ^ T/, 
independent of the choice of x- 

This construction can be applied, in particular, to the case V := := S'^[(M^;C, 
IC°°'°°{X^)) for some pi E R. According to Remark 1.15 the space is Frechet 
with the semi-norm system 

(2.111) n^ j,ik) :=sup,^R,(77)-'^+l^l|l«7^ii?^fc(r;)k".«(x'^), ^^€N,^eN^ 
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together with the semi-norms of the components k(^^_j^('r]), j G N, in the re- 
spective spaces of homogeneous funct ions S'('^-J)(M« \ {0}; C, /C°°'°°(X'^)), j e 
N, cf. the formulas ( |1.58 ) and (1.591, plus the semi-norms of the remainders 
Kv) - T,jLoX{v)kit^-j){v),M € N, in g-z^-CA-^+i) (R ?; C, /C °°-°°(X^)) for any exci- 
sion function xiv) (the latter semi-norms are as in (2.111 1 for fi — {M + 1) rather 
than /i). 



Lemma 2.15. Letcr{r) G C^(R+),p(r) e 
For every fixed y and t € [0,1] the function 
(2.112) 

gt : (x, ^ airirj + t^M^j + tOsWM("+i)/^p(rM)c.(rM)(C(a; + y), {r[rj])-^) 
defines an element 

(2.113) gt{x,0 e ^''•^M« X M«,F'^), fi := i^i + v^, 

for some sequences p,S, and t i-^ gt is continuous as a map [0,1] V^; then 
(5t)te[o,i] ^■s 0, bounded set in the space V^. 

Proof. For convenience we assume again q = 1; the general case is completely 
analogous. The expression on the right hand side of (2.1121 in the variables 
(r, •) S is an element of IC°°'°° (X^) for every fixed x,£,,y,ri,t. In fact, we 
have ui{r[r]]){(^{x + y), {r[ri])^^) G IC^''{X^) since the compact carriers of the in- 
volved analytic functionals are contained in {Rez < (n + l)/2 — 7}, and we have 
(p/C'x).7(x^) C /C°°'~(X^) for any ^ € Cg"(K+). In addition for any fixed x, y, t, 
the function gtix,^ belongs to V := S'^i(R^; C, /C°°'°°(X^)). 
We have to show that for any semi-norm tt from the Frechet space topology of the 
space there are orders p{Tr), 6{tt) € M such that 

n{D^D^^gt{x,0)<c{0'^''Hx}'^-^ 

< M and a,f3 G N, for some constants c — c{a, f3) 
The semi-norms tt for the estimates ( |2.114 ) are as in Remark 1.15 
C,KA = id, and H = K.^^^ {X""), kxu{r, ■) = A("+i)/^u(Ar, ■), for every G 
N, ) 



(2.114) 
for all (x,^) e 



> 0. 

for H = 



dimX. Let us discuss in this proof the semi-norms (2.111); the others 
are easy as well and left to the reader. In other words we estimate the norms 
\\K^^^^D^{D^Dlgt{x,^))\\fCN.N^x^) for ah (a;,0 e K x M and a,/3 € N. In our case 
it suffices to replace /C^'^(X^) by T-L^ {X^) since gt contains the cut-off factor 
uj{r\r]\) which is of bounded support in r, uniformly in € K. The 'H^^^(X'^)-norm 
can be estimated (up to a constant) by finitely many expressions of the form 

(2.115) EII(-^^)''^"{%>^.'(^"^c5*(-,e))}L«-„/.,.(«,,^) 



where j + rn < N, and D™ is a polynomial in vector fields tangential to X of 
degree m. Let us write g ■= g^^a :— a{r[ri + tS]),p := p{ri + tS), I := [77]'"+^)/^, / := 
p{r['q])uj{r[f]]){({x + y), (r[r/])-"^); then g = apslf. Applying 9^ gives us 

(2.116) = {d,^a)pslf + a{d,^p)slf + cjp{d^s)lf + aps{d,^l)f + apsl{d,J). 



50 



B. -Wolfgang Schulze and Andrea Volpato 



Let us denote hy m — m{ri) different elements of ^^.[^(M,,), and set [77]' :— dr,[ri] 
+ to = P\V + to for a ^'(t?) e S^-'i^^)^ 



which belongs to S'°i(M^). Then we have 
(2.117) 

(2.118) 



(2.119) 
(2.120) 

driP{r[ri]) = {drp){r[7f\){r[ri\)m{ri), 9^w(r[r/]) = {drUj){r[7fO{r[ifOm{ri)u{r[rfi 
for any cut-off function Co )^ oj, 

(2.121) a,(C(x + 2/), (rM)-^) = (rM)m(ry)(zC(x + y), (rM)"^). 



The relations (2.117)-(2.121 1 show that the summands of (2.116) have the same 
structure as g itself, with the only exception that now vi V2 is diminished by 1. 
By iterating the conclusion it suffices to consider the case /3 = 0, since the original 
orders i^i, V2 are arbitrary. In other words, in (2.115) we may assume /3 = 0. Clearly 
it suffices to study the summands separately. The summand containing (r9, )-' has 
the form 
(2.122) 

1 /2 

\r-''{rdryD"'n-^^D''^Dl{a{r[r^+ti])p{r^+ti)s{7^)l^^^ 

for f{r[rj\,x-'ry) :— p{r[ri])u{r[rj\){C,{x + y),{r[T)\)^^) . The differentiation in x 
is entirely harmless since Q is of compact support with respect to the spatial 
variables. So we content ourselves with a = 0. Moreover, the Z3™-derivatives have 
no influence to the growth of (2.122) in or ^ since I?™ only acts on the values 
of the involved analytic functionals in C°°(X), and the result after applying Z?™ 
has the same quality as before. Therefore, it sufhces to consider the case m — Q. 
Thus, taking into account that compensates the factor l{'q) — [7y]("+i)/2 the 



expression (2.122) is reduced to 
(2.123) [j 



(r9,)^-5^-5i?^^ (a(r [77 + i^] )p(77 + ias(^)/('' W , 2: + 2/)) I V"drdx} 



1/2 



for {5xu){r, ■) := u(Ar, •). We have d^{a{r[ri+t^])p{'q+tS,)} = t{{dra){r[T^+t^])r[ri+ 
^C](9^[?7+tC])[T/+i^]" V(?7+^0+o'(''['?+iC])(^r,p)(??+tO}- By iterating f derivatives 
it follows that D^{G{r[ri + t^])p{tl + 1^)} is equal to t^^ times a finite linear combi- 
nation of products of the form T{r[r} + t^])b{ri~\-t£) for certain T(r) S C^(M+) and 
6(77) e S'2~"'{^ri)- Thus, (2.123) can be estimated by a finite linear combination 
of terms of the form 
(2.124) 

{/ |r-^(ra,)-'"t^(T(r(77)-i[77-Kt^])6(77 + tOs(r?)/(r(77)-iM,x + 2/))|'r"drdx}'^'. 
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For purposes below we pass to the equivalent expression 
(2.125) 



1/2 



for 



(2.126) 



N -.^ N -"f, h : 



27. 



Now we apply the rcJ^-derivatives. Observe that for any real-valued Q and a 
function tq £ C^{M.+ ) we have r9,.To(r8) = r8(9r''o)(f B) ~: Ti{rQ) for some 
Ti(r) e C^(M+). Thus, irdrYToire) = TiirO),! € N, for som e r;(r) e C(f (M+). 
We apply this to the function r —: tq under the integral (2.123) as well as 
to po{r) := p{r)ijj(r) occurring in the definition of / which gives us functions 
Pi{r) G C^(K_|_), Z € N. It remains to look at what happens when we apply {rdrY 
to {(^{x + y), (''[''7])"^) contained in /; but this remains unchanged at all. Thus, we 



do not change the quality of the expression (2.124) when we set j — 0. Inserting 
r-^ ^ (ririy^lrj + t^])-^ {{ri)-^[r] + t^])'^ and f(r) := T(r)r-^ G C^f (M+) from 



(2.124) we obtain 



(2.127) 

|((^>"M^+te])'^i''r(r(7?)-i[77 + i^])6(77 + iOs(^)/(r(r;)-iM,^+2/) 



1/2 



We have the inequalities 

(2.128) \T{r{vy^[r] + t^])\ < c for all r e M+,0 < t < l,r/,^ e 



(2.129) 

and 

(2.130) 



\b{v + tO\ <c{v + t£,y' forallO<t< l,?7,Ce 



|s(77)| < c{t]Y'^ for all -q € 



for different constants c > 0. Since the carriers of the analytic functional in- 
volved in / are contained in {Re 2; < (n + l)/2 — 7}, we have {/ \f{r{ri)~^[rj\, x -t- 
y-j|2j,n-27^j,^^|i/2 ^ uniformly in rj. Thus, we can estimate (2.127) by 



(2.131) 



From Peetre's inequality we obtain [77 -I- < c{ii)^~'^ {t^)\^-'^\ {-q + tS,)"^ < 

civY' (tC)''"''- It follows that EJ27\ can be estimated by (7/)'^i +'^^ 
Comparing that with (2.111) and using n = vi + 1^2 we just obtain (2.108) for 
fj,j = — 7I -|- and lyj = 0. Applying the oscillatory integral process ( |2.110 ) 



we obtain the relation (2.113) for every t e [0,1]. The boundedness of the set 
{gt)tGlo,i] in is a direct consequence of the estimates. The way to obtain the 
continuity of 1 1— >■ is evident after the above considerations. □ 



Lemma 2.16. We have &oiy,Tj) G S^^^{W x M?; C, /C°°'°°(A:'^)). 
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Proof. According to what is done in the operator-valued analogue of Kumano-go's 
oscillatory integral techniques it suffices to show that for every fixed y and t S [0, f ] 
the function 



(2.132) 



ht : {x,£,) i-^{uj{r[r] 
{uj{r 



C, 



contained in ( |2.99[ ), belongs to the space SP'^{R'i 

IC°°'°°{X^)), for some sequences p,S, and that t i— /it is continuous as a map 
[0,1] V^^; then {gt)te[o,i] is a bounded set in the space V~^. Similarly as in 
the proof of Lemma |2.15| we first observe that for every fixed x,£,,y,ri,t the right 
hand side of (2.132) belongs to IC°°'°° (X^). More precisely we show that for every 
fixed x, ^, y, t the function ht takes values in V^^ . For convenience we assume again 
(7=1. We have p{r]) := djj[r]] £ which gives us d^ujr^ = a{r[r]+t£,])rp{r]+t^) 

for cr(r) := {drio){r) G C^(M+). Choose cut-off functions lj4^ >~ uj^ y uj2 ^ )^ uj 
Then the right hand side of (2.1321 can be written as 



(2.133) ht{x,0 = «t(Ow3(rW)opX7"/'(/)(2/)c.2(rM)5t(^,0 
for 

(2.134) ntiO = Hr[v + ^ - c.(r[ry]))c^4(r[ry]), 

and 
(2.135) 

gt{x, e) = <j{r[v + m)p{v + mv]-'p{r[v]Mr[v]M^"^'^^'{idyO{y + {r[v] 
for p(r[77]) := r\r]]uJi {r\T]] ). 



Because of Lemma 1.14 it is clear that uj3{r[ri])op1j^^^{f){y)uj2{'''['ri]) belongs to 
5°i(E9;/C°°'°°(X^),/C°°^^(X^)) (recall that y is kept fixed for the moment, but 
there is smoot hness and compact support with respect to y). Moreover, similarly 
as in Lemma 



2.15 



the function gtix,^) takes values in 5*^ 



9;C,/C°°'°°(X^)). 

Then btix,^) also takes values in V'^ = S~XR^;C,K.'^'°°iX^)) when nt{0 S 
S'°i(M9;/C°°''^(A:'^),/C°°^°°(X'^)) for fixed ^. The latter property wih be the final 
point of the proof, since the symbolic estimates for bt in x, ^ are again straighfor- 
ward. 

Let us set ilj{r] + t£_) := uj{r[i] + t£_]), and apply the Taylor formula 



(2.136) 



\a\<N 



rN{v,U) = (A^ + l)E|H=iv+i(*0"/«!/o(l 
only for N 
(2.137) 



H=N+iy^^> /^^Joy^~^) i9n'l')(l + We need this 

0. Recall that in this proof we consider the case q = 1- Then 
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for a po{r]) G Now an elementary computation shows that nt{£,) & ^^f,^^^, 



/C°°''^(X'^),/C°°'°°(X'^)). 

Lemma 2.17. We have b{y,T]) £ S'°i(E« x M9;C,/C° 
Proof. We can form 

(2.138) gt : {x,0 ^ (d^u^Mv + (rmM^''^'^^' {{dyOiy + x), {r[rj]y 



□ 



for t G [0, 1] and then argue in a similar manner as in the proof of Lemma 2.16 
apply an oscillatory integral argument to the S^i 



function (2.138) occurring in the expression b{y,r]) 
cf. the formula (plOSl). 



X M«;C,/C°°'°°(X'^))-valued 

□ 
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